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Preface

The last few years have -seen revolutionary advances in our understanding of

the electronic properties of quantum heterostructures. An enormous amount

of research has been undertaken on both the experimental and the theoretical

aspects of electronic transport in nanostructures. The field now covers a vast

spectrum of topics, and an extensive number of books, review articles, papers

and conference proceedings continue to be published in this area. Complete

coverage of this exciting and evolving field is beyond the scope of this book.

We refer the interested reader to some of the excellent and comprehensive
books and conference proceedings on this subject.

Much progress has been made in our understanding of quantum confined

systems. A's is well known, it is possible to construct quantum heterostruc-

tures which are well approximated as quasi-two-dimensional, one-dimensional

or zero-dimensional systems. Our interest here is in the properties of particles
andfields in quasi two-dimensional (2-D) systems. We provide a brief intro-

duction to the physics of 2-D systems, in particular to motion in 2-D systems

confined within a finite area. For simplicity, we will generally assume that the

system boundary is defined by an infinite hard wall potential. Such a confined

2-D system will be referred to as a tube, or interchangably as a wire. We will

investigate the behavior of particles moving in a tube with perfect hard-wall

boundary conditions, with emphasis on the qualitative effects which govern

binding and transmission of particles in confined 2-D systems.

Our, goal is to convince the reader that rather simple models of binding
and scattering in 2-D systems can be remarkably successful in describing even

rather complicated phenomena. We will first review the general conditions

which produce bound states for particles in confined tubes. Some powerful
theorems guarantee the existence of bound states under rather simple and

general physical conditions. Next we discuss the properties of transmission

and reflection, conductance and quantum probability flow in 2-D systems.

Physical situations are analyzed using a transfer-matrix approach. Although
this is neither the most efficient nor the most elegant method for calculating

transport in 2-D systems, it is shown that transfer matrix techniques have

a very straightforward physical interpretation and that they provide con-

siderable understanding of the physics which governs particle transport. We
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emphasize that much insight can be obtained from an analysis of quantum

probability flow in 2-D systems.
This book is written to be accessible to anyone with an undergraduate

background in quantum mechanics and electromagnetism, plus some elemen-

tary condensed matter physics. It emphasizes basic concepts throughout and

describes simple models through which complex scattering phenomena can be

observed and understood in these systems. For examples of these transport

phenomena, we frequently refer to results involving electrons in mesoscopic

systems. However, we show that analogous behavior can also be observed

for electromagnetic fields in conventional waveguides. We emphasize the con-

nections (and contrasts) between electron motion in quantum structures and

electromagnetic states in waveguides. A third field, the study of optical states

in photonic crystals, is much more recent and highly promising. Again, we

show that the simple models employed in this book are capable of under-

standing the mechanisms for producing localized modes in photonic crystals,
and we discuss similarities and differences between optical states in photonic,
crystals, electronic states in quantum heterostructures and electromagnetic
fields in waveguides.
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1. Introduction

1.1 The Purpose of This Book

In the past decade remarkable progress has been achieved in our understand-

ing of the properties of electrons in mesoscopic systems. It is now possible
to fabricate mesoscopic structures in which at least one of the transverse di-

mensions is of the order of the de Broglie wavelength for cold electrons. Con-

ductance of low-temperature electrons in such systems will be dominated by
electron wave effects. "Quantum wires" are quantum heterostructures where

the electron motion is confined primarily to two dimensions. Hundreds of

papers in the past decade have discussed the basic and applied physics' of

quantum heterostructures.

In this book, we do not attempt to duplicate the exhaustive work on

electron properties in mesoscopic systems, particularly since there are now

several excellent monographs on this topic. The interested reader may want

to consult Datta's [1] account of electron transport in mesoscopic conduc-

tors, or Ferry and Goodnick's [2] comprehensive review of both theory and

experiment in mesoscopic systems. The recent book by Mitin, Kochelap and

Stroscio [3] contains a detailed review of the properties of electrons in quan-

tum heterostructures. There are also very good summaries of earlier work in

this field [4, 5, 6, 7, 8], as well as more recent topical conferences in this area

[9, 10]. Much experimental and theoretical progress has been made in the

study of structures which are well approximated as quasi two-dimensional,
one-dimensional or zero-dimensional systems. A very nice recent review of

the physics of low-dimensional semiconductors, at a level suitable for first-

year graduate students, is given by Davies [11]. Detailed discussions of low-

dimensional systems are also provided in books by Weisbuch and Vinter [12]
and Kelly [131.

This book will focus on physical situations which can be well approxi-

mated as quasi-two dimensional (2-D) systems, and more specifically those

where the 2-D motion is confined to a finite area. Our aim is to consider the

simplest theoretical models capable of describing some aspects of this con-

fined two-dimensional motion. In most circumstances, the model we choose

is that of a sharp 2-D surface with zero (or constant) potential inside, and

infinite hard wall boundaries. For time-independent scattering the resulting

ute
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2 1. Introduction

mathematical problem is the Helmholtz equation with Dirichlet boundary
conditions.

We will call a bounded 2-D surface with perfect hard wall conditions a

tube. In some circumstances we will use the term wire as a synonym, particu-
larly when we refer to those applications which involve the motion of electrons

in quasi-2-D quantum heterostructures. Occasionally these terms will be used

to describe three-dimensional [3-D] systems, but unless explicitly identified

as a 3-D system, all references to tubes and wires in this book will imply
2-D motion. Despite the extreme simplicity of this idealized picture, hard

wall tubes display a wide variety of phenomena: bound states, "virtual bound

state" resonances, non-trivial transmission and reflection phenomena, effects

of discrete symmetries, the relation of S-matrix singularities to transmission

properties, and the origin of "miniband "structure in finite periodic systems.

Perhaps surprisingly, for systems which have beep so widely studied, new
results for constrained 2-D motion in these tubes have been obtained in the

past few years. For example, under a rather general set of conditions [14],
such tubes will always possess at least one bound state [15, 16, 17, 18, 19, 20,

21, 22, 23, 24]. There is also a one-to-one correspondence between particles in

hard wall tubes and TE modes in electromagnetic waveguides. Consequently
one can make analogies between properties of electrons in quantum wires

and EM modes in conventional waveguides. Even in waveguides, systems
which have been investigated for several decades, there are some surprises:
for example, the existence proofs for bound states in bent tubes also predict
confined EM modes below cutoff frequency in curved waveguides. To the best

of our knowledge, such states were not known to exist until the past few years.

Recently, there has been much research into the properties of photonic

crystals. In photonic crystals a lattice of dielectric materials is used to control

the optical properties of a system. Recent progress in the field of photonic
crystals is summarized in a book by Joannopoulos, Meade and Winn [25].
We review briefly the properties of 2-D photonic crystals and show how they
can be used to control the propagation of light. Our primary interest is in the

use of cavities to produce "waveguides" in photonic crystals. Scattering and

"binding" properties in photonic crystal cavities are compared and contrasted

with analogous states in both quantum wires and conventional waveguides.
The material presented here should be accessible to an upper-level under-

graduate student in physics. It requires only a background in basic quantum

mechanics and electromagnetism, and some elementary condensed matter

physics. Many of the results obtained for simple 2-D geometries would fit

nicely into an introductory quantum mechanics course (if there were time to

consider 2-D problems, following a section on one-dimensional [I-D] models

and before moving on to the physics of three-dimensional systems). This book

focuses on qualitative descriptions of motion in two dimensions, and is aimed

at the general reader. Our discussion of bound state and scattering proper-

ties lacks the rigor associated with mathematical physics theorems, and our
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assumptions. regarding quasi-two dimensional motion in semiconductors are

seriously oversimplified for anyone wishing to construct a working quantum

heterostructure device. On the other hand, our goal is to convey the rich-

ness of the physical phenomena one can explore in these systems, and to

demonstrate that the analogy between tubes and waveguides can lead to an

increased understanding  of electronic, electromagnetic and optical systems.
The focus of this book is on binding and transport phenomena in sim-

ple two-dimensional systems. In particular, we are interested in comparing
and contrasting analogous phenomena which occur in quantum wires, con-

ventional waveguides, and photonic crystals. As a result, this book will not

include a number of conditions which produce important effects in quan-

tum heterostructures. First, we do not consider the effects of strong external

magnetic fields in mesoscopic semiconductors. For example, neither magnetic

edge states nor Aharonov-Bohm effects in quantum wires are covered here.

A second topic which is not included in this book concerns effects which

arise from shifts in electron trajectories around impurities in quantum het-

erostructures. Changes in the trajectories of electrons can arise from variation

of Fermi energies in semiconductors, due to changes in external fields. Such

shifts in electron trajectories can lead to universal conductance fluctuations

in a mesoscopic device. Finally, this book will only consider quantum wires

which have two leads. The resulting formulas for conductance will greatly

simplify, but important physical effects such as the integer and fractional

Quantum Hall Effect will not be discussed. Detailed discussion of all of these

effects, together. with references to books and review articles describing these

phenomena, can be found in the books by Datta [1], Ferry and Goodnick [2],
and Davies [11].

1.2 An Overview of the Text

This book is organized in the following way. In Chap. 2, the conditions for

bound states are reviewed, for a free particle moving in a 2-D tube with

perfect hard walls. Two qualitative mechanisms leading to a bound state are

contrasted: a bulge in an otherwise straight tube, and a bend in a tube of

constant width. We show how each situation produces an effective attraction

which necessarily supports at least one bound state [18, 26]. These arguments

can also be extended to three-dimensional tubes. The transfer matrix formal-

ism is presented, and 1-D reductions are introduced. In many situations, I-D

approximations give remarkably accurate descriptions of 2-D binding and

scattering, as well as considerable insight into the important physics. Our

review of transfer matrix techniques follows closely the methods used in a

series of papers by Sprung, Wu and Martorell [27, 28, 29, 30, 31].
Chapter 3 discusses transmission and conductance for particles in tubes,

and examines the features which produce structure in transmission. We show

the relation between the probability current and transmission, and discuss
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the role of vortices and fixed points in determining quantum probability flow.

A remarkable formula is presented for the conductance in such quantum

systems; this formula was first derived by Landauer [32, 331. The temperature

dependence of conduction in such systems is discussed.

Chapter 4 reviews the correspondence between particles in 2-D tubes and

electromagnetic fields in rectangular waveguides with the same geometry.
This correspondence allows us to draw on the rich literature of the physics of

waveguides [34] and acoustic phenomena [35]. Because of the similarity in the

underlying equations, quantum wire and heterostructure systems have been

termed "quantum waveguides" [19, 36]. The existence of bound states for

particles in curved 2-D tubes implies the presence of confined "evanescene'

sub-cutoff EM modes in waveguides with the same shape [37]. Experimental
microwave experiments, which led to the observation of confined EM modes

in curved waveguides [21, 22], are discussed. We show how electromagnetic

energy densities in the waveguide can be mapped out by measuring resonant

frequency shifts resulting from insertion of a small metal sphere.
In Chap. 5 bound states and scattering are examined in detail for a few

simple physical systems. The emphasis is to demonstrate some rather fun-

damental aspects of binding, transmission, and resonances with simple but

illustrative models. The systems examined have just one or two structures,
or "cells." We examine conditions for bound states, and investigate the de-

pendence of binding energy on geometry. Basic properties of transmission are

analyzed for these systems. The resonance structure of 2-D systems is stud-

ied, and we demonstrate that substantial physical insight into the mechanisms

of transmission can be obtained from a transfer-matrix analysis of electron

transport. It is shown that studies of the quantum probability current also

provide useful information regarding the nature of transmission in 2-D sys-

tems. Experiments with conventional waveguides are also used to illustrate

properties of bound states in curved tubes.

Of particular interest are structures which have a single T-stub protruding
from one or both sides of a tube. In these systems the low-energy transmission

is shown to be a periodic function of the stub length. In principle, this peri-

odicity could be used to create a "quantum transisto?" [38]. In such a system

one could produce complete (or zero) transmission at predetermined energies,

by varying the effective length of a stub in a quantum heterostructure.

Chapter 6 extends our discussion to 2-D tubes containing a periodic series

of identical structures or cells. It is shown that miniband structure, analogous
to the band structure characteristic of infinitely periodic systems, arises in

finite periodic structures. It is demonstrated that the Bloch phase for a single
cell allows one to separate allowed and forbidden regions for a periodic tube.

Finally, we review briefly the effects of changing a single cell in an otherwise

perfectly periodic system: this is the analog of adding a single "defect" to

a crystal. Some general properties of defects, and their effects on the mode

structure in finite periodic tubes, are briefly summarized.
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In Chap. 7 photonic crystals are discussed. These- are -systems where a

lattice of different dielectric media is used to control the propagation of light.
Our focus is on the physics of 2-D photonic crystals. We show how "waveg-
uides" can be produced in photonic crystal cavities, and we investigate the

similarities and differences between modes in photonic crystal cavities, and

those in bent tubes or conventional waveguides.



2. Bound States in Low-Dimensional Systems

In this book we will be concerned with the properties of particles moving
in confined regions. For example, there has been much research recently on

the motion of electrons in quantum heterostructures (a heterostructure refers

to a semiconductor composed of a series of different materials). For the sys-

tems discussed in this book, the motion of electrons in one dimension is

restricted. Frequently the electron motion in one dimension can be confined

to a single quantum state, so that the electron behavior in this direction is

well understood. In this and similar cases the motion of the particles is well

approximated as a quasi-low-dimensional system.
In most of this book, the focus will be on particles whose motion occurs

primarily in two dimensions. Furthermore, within the effective plane of mo-

tion the particle is constrained to a finite area by some effective potential.
We define a tube to be a two-dimensional system where a particle is confined

to a finite region by a potential. This chapter and Chap. 3 are devoted to an

intuitive picture of the properties of particles in idealized tubes.

Consider a particle moving in a tube with some external boundary S, un-

der the simplifying assumption that the potential vanishes inside the tube (or
maintains a constant value there), and that the potential is infinite outside

the tube. The "perfect hard walP boundary condition requires that the par-

ticle wave function vanish on (and outside) the boundary S, so that one has

Dirichlet boundary conditions. Although the perfect hard wall condition is

often only approximately satisfied in physical systems, such systems are rela-

tively simple ones to study. There has been much research regarding binding
and scattering properties in hard wall tubes.

This book will consider only tubes which have two external leads, with a

central section of arbitrary shape. Given the width W of the external leads, it

will be shown that an energy threshold exists. Above this threshold energy, a

continuum of states exists, so that a solution to the scattering conditions can

be found for any energy above the threshold. For energies below the thresh-

old, generally one cannot find a wave function which satisfies the differential

equation and boundary conditions. For a given geometry, there may be a

certain number of discrete energies below the continuum threshold where a

solution can be found to the differential equation. Such energies are called

bound state energies. For some systems, no bound states will exist below

ute
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threshold; in other systems, there will be a finite number of discrete ener-

gies where bound states will be found 1. In a long tube, for energies below

continuum threshold, the bound states will decrease exponentially at large

distances, while the continuum states will possess oscillatory behavior. So for

bound states to exist in such a system requires the presence of states below

the continuum threshold energy. This in turn requires an energy gap between

the bound state energies, and the threshold energy.

In this book we will primarily be concerned with deformations involving

a bend or bulge in a tube, or a combination of the two. This chapter reviews

the following question: under what conditions will bound states exist in these

quasi two-dimensional systems? Once the bound state conditions have been

proved, the properties of the resulting bound states will be studied. Many
of the bound state existence theorems proved here have straightforward ex-

tensions to three-dimensional [3-D] systems; these extensions are presented
in Sect. 2.2. Chapter 3 discusses the general properties of transmission and

conductance in these tubes.

As we will show, in recent years some rather powerful theorems have

been proved regarding the existence of bound states in perfect hard wall

tubes, under rather general circumstances. Furthermore, important general
features regarding transmission and conductance can also be derived for par-

ticles moving in hard wall tubes. These idealized conditions are used to il-

lustrate qualitative features of electron motion in quantum heterostructures.

The assumption of hard-wall tubes with potential-free interiors gives a drasti-

cally oversimplified (although often surprisingly accurate) picture of electron

motion in mesoscopic systems. There has been a great deal of research on

quantum wires over the past decade. Excellent reviews of electron motion in

such systems are given in the books by Datta [1] and Ferry and Goodnick

[2]. The recent book by Davies [11] also gives a thorough discussion of the

properties of electrons in quantum wires. We refer the reader to these books

for a review of the literature on this subject. Section 3.4 gives a brief review

of the physics of electron motion in quantum heterostructures, and the extent

to which this approximate model must be modified to treat realistic quantum

wire systems.
There are many similarities between the motion of electrons in perfect

hard wall tubes, and electromagnetic modes in waveguides with a similar

geometry. Consider a 2-D surface in the x - y plane, bounded by a curve

S. We call this the tube defined by S. Construct a rectangular waveguide

by raising the tube defined by S upwards in the z direction. We call this

three-dimensional object the waveguide constructed from S. The 2-D sur-

face bounded by the curve S is sometimes called a "quantum waveguide"

[19, 36, 39], because of the one-to-one relation between electron motion in a

We are assuming that the tube in question contains a finite number of structures

or cells. If the tube possesses an infinite number of cells then in principle the

number of sub-threshold states could increase without limit.
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2-1) tube and transverse electric [TE] modes in a rectangular waveguide with

the same cross-section. This correspondence is reviewed in Chap. 4, where

we show the relationship between particle bound states in curved tubes and

confined electromagnetic modes in curved waveguides. Because of this rela-

tionship, if a particle bound state exists in a hard wall tube defined by a curve

S, then a stable electromagnetic mode will exist below the cutoff frequency
in the rectangular waveguide constructed from S. For waveguides, the "per-
fect hard wall" approximation is in very good agreement with experimental
conditions. In later chapters microwave experiments in waveguides are used

to simulate the properties of electrons in quantum wires. Once again, this

uses the analogy between the wave function for particles in tubes, and the

electric field in a conventional waveguide.
This chapter summarizes existence theorems for bound states in deformed

tubes with hard walls. It will be seen that, under rather general conditions,
a tube with a localized bend or bulge will possess at least one bound state.

Hard wall tubes have a minimum or threshold energy above which a con-

tinuum of states is available. The bound state is a confined mode which

exists below the continuum threshold. Section 2.1 reviews the proofs of such

confined modes in two-dimensional [2-D] tubes, since the focus of this book

is on two-dimensional systems. However, Sect. 2.2 does provide extensions

of the bound state existence proofs to three-dimensional [3-D] tubes. Most

of the theorems presented here can be extended straightforwardly to three-

dimensional systems. The treatment presented here is impressionistic and

intuitive, with an emphasis on the qualitative features of the bound state

proofs. We caution the interested reader to consult the mathematical physics
literature cited, for descriptions of the precise restrictions on tube geometry
and boundary conditions 2

necessary for the validity of these existence proofs.

2.1 Localized Modes

in Constrained Two-Dimensional Systems

The motion of particles in simple curved two-dimensional tubes has many in-

teresting features. One of the more surprising aspects of these curved tubes,
and one which has been understood relatively recently, is the variety of con-

ditions under which a particle will possess at least one bound state. This

chapter gives a qualitative review of the conditions which lead to bound

states in hard wall tubes. We refer the reader to the manuscript by Duclos

and Exner [14], which reviews a series of theorems on the existence and nature

of bound states in curved 2-D and 3-1) tubes. Duclos and Exner summarize

the boundary conditions, and properties of differentiability and compactness,

necessary for bound states to occur.

For example, the existence proofs presented here are generally valid only for

systems obeying Dirichlet boundary conditions.
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11Y Y,

V 1, (-722
1

'k

_X_X_X X

Fig. 2. 1. (a) Schematic picture of a "quantum waveguide". This tube has hard walls

and straight external leads of width W, with a central "bulge". (b) A tube with

straight external leads, normalized to unit width, which join to a central deformed

region of arbitrary shape. Boundary surfaces with outward normal vectors cr, and

C2 separate the interior region from the straight leads

First, consider a ver,y long tube with two external leads (finite-length
systems will be considered later). At each end, the tube is straight with

width W, as shown in Fig. 2.1a. In the middle, the tube is allowed to bend

in an arb,itrary fashion. Let the curve S define the outer boundary of the

tube. Because the potential is infinite at, and outside, the tube boundary,
the particle wave function must vanish on the tube boundary.

Section 2.1.1 discusses the physics of an otherwise straight 2-D tube of

constant width which contains a finite "bulge." We will review the proof
that such a tube always possesses at least one bound state. In Sect. 2.1.2 an

existence proof is presented for bound states in a bent 2-D tube of constant

width. In Sect. 2.1.3 these results are extended to consider bound states in

deformed 2-D tubes of more general shapes. In Sect. 2.1.4 we outline the

transfer-matrix method which is used extensively throughout this book. A

major virtue of this method is that reasonably accurate results can often be

obtained-by truncating the transfer matrix, including only the open modes

at a given energy. This "open mode" scheme is summarized in Sect. 2.1.4.
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For simple geometries, the open-mode scheme can often provide analytic
approximations for binding and low-energy scattering. Section 2.2 discusses

the extension of the bound state existence proofs to curved 3-D tubes.

2.1.1 Bulges and Bound States in Tubes

In this seetion we review the qualitative features produced by a localized

bulge in an otherwise straight tube. First, consider the case of a long straight
2-D tube of width W. For a perfect hard wall tube, the potential is assumed

to be zero inside the tube, and infinite at the boundary. Consider a particle
which satisfies the time-independent Schr6dinger (or Helmholtz) equation
inside the tube

a2 a2
k
2

*(Xl Y)5X2
+

9y2

In (2.1), the wave number is related to the energy by

k2 _
2m*E

(2.2)
h2

where m* is the mass of the particle (for an electron in a mesoscopic system,
m* will generally be the effective mass, which is a function of the conducting
material 3). The hard wall boundary condition requires 01S = 0, where S is

the outer boundary of the tube. The tube dimensions parallel and transverse

to the tube walls are defined as x and y, respectively, where y := 0 and y = W

denote the tube walls.

The dimensions in this system obey simple scaling laws. If the width of

the legs of the tube are scaled by some factor n, W' =,qW, then the system
will remain invariant if the momenta scale as k' = klq, and the energy scales

as E' = E/,q2. Without loss of generality, observables can be calculated at

any convenient scale, and the units can be resealed to fit any physical device.

All of the tubes in this review have two external leads of equal width W,
so for simplicity the external leads are resealed to unit width. We will also

use units where h2/2m* = 1, except when making reference to energies or

length scales appropriate to realistic quantum heterostructures. With these

units the energy is related to the wave number by E = V.

With the tube width resealed to one, the eigenfunctions of (2.1) can be

expanded in terms of normalized transverse eigenfunctions On with energies

,En, and longitudinal wave number an,

On(x,y) = exp(ianx)On(y)

0,,,(y) = v/2-sin(n7ry) cn (n7r)2

an = Vk2 - (n,7r) 2 (2.3)

3 The justification for using an effective mass for electrons in heterostructures is

given by Davies [11]. A more complete derivation is given in the book by Bastard

[40].
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For a particle in the n
h
transverse mode, the Schr6dinger equation requires

k
2 a2 + 671n

a2 + (nir)2 (2.4)n

Equation 2.4 shows that for a given energy, the longitudinal momentum a,

is real when k > n7r and i'maginary when k < mr. When an is real, the lon-

gitudinal solutions for the n
th transverse mode will be oscillatory, and when

an is imaginary the solutions will be exponential. Whenever k > ir, there

will always be at least one transverse channel with oscillatory longitudinal
wave functions. For a given wave number k, there will be a transverse mode

N = Int[k/ir] such that for all channels n > N, the longitudinal wave function

is exponential. Here Int[x] is the largest integer less than x.

The two-dimensional surfaces considered in this book will have two exter-

nal leads, which can be renormalized to unit width, connected to an internal

section of arbitrary shape. At very large distances we will require that the

surfaces become straight sections. Solution of the differential equation and

boundary conditions thus requires matching the wave functions and normal

derivatives at the boundary of the straight sections with the internal regions.
When k < 7r, all of the longitudinal momenta are pure imaginary, so that the

longitudinal wave function is exponential in every transverse channel. In or-

der that the wave function be normalizable, only the decreasing exponential
term exp(-Ia,,xl) can be present in the straight sections, so the longitudinal
terms which behave like increasing exponentials must be discarded. Thus, at

these energies one discards half of the terms in the longitudinal wave function

in the straight sections of the tube. As a result, it is generally not possible
to satisfy the continuity of both the wave function and normal derivative at

the boundary between the straight sections and the internal region.
When k > 7r, oscillatory solutions for the longitudinal wave function exist

in at least the lowest transverse channel. Both solutions exp(ianx) are

allowed in the straight sections. As a result, for wave numbers k > 7r one

can always satisfy the boundary conditions between the straight and internal

sections of the tube. Thus, a continuum of allowed solutions to the scattering

equation starts at kth = 7r (Eth = 7r2), and a new transverse mode opens

up whenever k = N,7r (E = (N-7r)2), where N > 2. The discrete transverse

energies follow from the quantization of the transverse wavelength, An = 2/n.
Below the threshold for the n

th transverse mode, the wave number an is

imaginary, i. e.

Un = ilanl i.\/(n7r)2 - k2 when k < n-7r (2.5)

In the rare cases where a state with k2
< 7r2 satisfies the boundary conditions

for the wave function, the tube will have a bound state or confined mode at

that energy.

Since the transverse channel eigenmodes are integer (squared) multiples
of the continuum threshold, quantum effects will be easily seen in any system
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where the particle energy is comparable to the continuum threshold energy.

For an electron in a tube with W = 20 nm and m* = 0.067 m, (these values

are reasonably typical for quantum wires in GaAs/AlGaAs systems, which

comprise the majority of quantum heterostructure systems), the continuum

threshold energy is El 15 meV, which is comparable to the energy of a cold

electron in these structures.

As an example, consider an otherwise straight tube with hard walls and

(renormalized) width W = 1 at the ends, but a localized outward "bulge"
of arbitrary shape in the middle, as shown schematically in Fig. 2.1a. It

would seem plausible that this tube should possess a bound state, as it could

accommodate a state with increased transverse wavelength (and hence an

energy lower than the continuum threshold) in the bulge. The wave function

for this state would be "confined" to the vicinity of the bulge, and would

decay exponentially outside this region.
We first give a heuristic proof that a tube with hard walls and a gentle

bulge possesses at least one bound state. By a "gentle" bulge, we mean that

all derivatives of W(x) are so small that they can be neglected. The wave

function 0 for such a tube satisfies the Hamiltonian of (2.1). Define the width

of the system at the point x as W(x), where for large JxJ, W(x) = 1, and

W(x) > I in the bulge region. Choose a trial wave function Ot of the form

Ot (x, y) = f(x) sin
lry

(2.6)[W(x)l -

Inserting this function into (2.1), and enforcing the adiabatic condition that

all derivatives of W(x) can be neglected, the Sch,r6dinger equation reduces

to the one-dimensional equation

_d
2 f(X) 7r2

2f(X)
dX2

+
:W( T

f(x) ,z: k (2.7)

In the adiabatic limit of gentle curvature, the problem reduces to a one-

dimensional equation with an effective potential V,-.ff (x) = 7r21W(X)2. In the

external straight sections of the tube the effective potential has the value

KffW = 7r2; in the region of the bulge where W(x) > 1, the effective po-

tential has a local minimum. As is well known, for the Schr6dinger equation

in one dimension any local minimum in a potential produces at least one

bound state. Therefore under adiabatic constraints (gentle curvature), any

finite "bulge" in a tube with hard walls, regardless of its size or extent,

should produce an effective local attractive force and hence a bound state.

The magnitude of the effective attraction increases as the bulge increases in

size. Conversely, an adiabatic local constriction in a tube will produce an

effective local repulsion.
The general proof, that any outward bulge in an otherwise straight tube

with hard walls produces a bound state, was given in 1997 by Bulla, Gesztesy,

Renger and Simon [26]. We summarize their variational solution here, and

refer the reader to the original paper for detailed conditions.
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As has been mentioned, the threshold energy for a straight tube of unit

width is 1,2
= 7F2. Since the minimum energy of the eigenvalue spectrum can"th

only decrease as the boundary is moved outward 4, it suffices to demonstrate

the existence of a state with energy E = k2 < X2 for a specific deformation

all of whose points lie inside the bulge. Consider a long tube whose walls

are defined by y = 0 and y = 1, respectively. Without loss of generality,
assume that the bulge occurs around the point (0, 1). There must exist positive
numbers (a, b) such that all points in the triangle defined by (-a, 1), (+a, 1)
and (0, 1 + b) lie inside the bulge.

Define the energy functional

f d2XJV 12
E[O] =

f d2XJ 12
(2.8)

It is straightforward to show that there will be a bound state if a trial func-

tion Ot can be found such that E[Ot] < 7r
2

.
For the Helmholtz equation with

Dirichlet boundary conditions, the exact energy will always be less than or

equal to the energy corresponding to the trial wave function [411. Conse-

quently, once a trial function is found with E[Ot] < 70, then a bound state

must exist. Choose the following trial function a function of the parameters

and y,

sin(iry) exp(--y(lxl - a)), JxJ > a, 0 < y <

V)O,-y (X, Y) sin 'Y JxJ :5 a, 0 < y <
1+0 1- 1xi a

0, otherwise

(2.9)
where 0 < < b. It is straightforward to show that

7r2(1 - 2a-y,3) + (9('32,Y) + 0(,Y2) (2.10)

By careful choice of -y and 3 it can be demonstrated that the energy is always
smaller than 7r2. This proves that any bulge, no matter how small, always

produces at least one bound state.

In the schematic diagram of a tube with a bulge, Fig. 2.1a, the straight
sections of the tube are oriented in the same direction. This is not necessary

for the bound state proof, which still holds even if the straight sections of

the tube are bent with respect to one another. Also, in the case we have

considered the deformation or bulge is always outward or positive. In the

existence proof for the bound state it is not necessary that the deformation

of the tube be positive everywhere; the deformation could be outward in some

places and inward in others, provided that the net area of the deformation was

positive. Exner and Vugalter [42, 43] showed that under certain conditions

'
This statement will be justified in Sect. 2.1.3
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the bound state existence'proof could be extended to the "critical" case where

the deformation had a net area of zero
5

2.1.2 Existence of Bound States

in Curved Tubes of Constant Width

In Sect. 2.1.1 it was demonstrated that any bulge in an otherwise straight
2-D tube will produce at least one bound state. In this section we show that

 bent tube of constant width always possesses at least one bound state. For

 detailed proof and set of conditions the reader is referred to the compre-

hensive review on this topic by Duclos and Exner [14]. Various authors had

previously analyzed the problem of constrained motion on curves, and their

work implictly contain6d'bound state solutions [44, 45, 46, 47, 48, 49]. In ad-

dition, there was work which showed that wave functions on surfaces tend to

be largest in regions of maximum curvature [501. For sufficiently gentle bends,
Exner and Seba [19, 20] showed in 1989 that such bends produce an effec-

tive attraction which leads to binding. In 1992 Goldstone and Jaffe [18] gave

the general proof that any bend in a tube of constant width must produce at

least one bound state. Their variational method is reviewed in this section. In

the past several years many groups have examined how bound states arise in

such systems, and how these bound states can affect measurable properties
such as conductance in quantum heterostructures, or transmission in bent

waveguides. The literature regarding confined modes in specific geometries
will be reviewed in later sections.

First we give an adiabatic proof of the existence of bound states in a bent

tube of constant width. Consider a curved 2-D tube with constant width

(scaled to unity), as shown schematically in Fig. 2.2. Define curvilinear co-

ordinates s and u such that s is always directed along one wall of the tube,
and u is the transverse coordinate normal to s; u takes on values 0 < u < 1.

A requirement for the existence of bound states is that the curvature vanish

asymptotically; a sufficient condition is that the curvature go to zero at least

as fast as 111sl [14]. Goldstone and Jaffe imposed the stronger condition that

there exists a point so such that n(s) = 0 for Isl > so, where r,(s) is the cur-

vature at any point s. From Fig. 2.2, n(s) is related to the radius of curvature

(measured to the outer edge of the curve) by

n(s) = 11R(s)

so 0 < lr,(s)l < (2.11)

The wave function satisfies the Hamiltonian of (2.1), with hard wall bound-

ary condition Ols 0. In these curvilinear coordinates the differential ele-

ment of length is

These authors also found a condition under which no bound state would exist in

the critical case.
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5

Fig. 2.2. Two-dimensional tube of constant (unit) width. The coordinate 8 is

measured along one wall of the tube, and 0 < u < 1 is normal to s. The radius of

curvature to the outer tube wall is R(s) = 1-Tn(s)

dr = [I - r, (s) ul ds-s + dufi, (2.12)

so the wave function 0 satisfies the differential equation

(s, U)
+ n(s) U)

I - r'(s) U '98 1 - n(s) U as OU au

+ k
2
 b (S' U) = 0.

.

(2.13)

The wave function 0(s, u) can be redefined in terms of the function 0 where

(8, U) (8, U). (2.14)
K(s) U

The function 0 then satisfies the equation

I a2o 2r,'(s)u ao
+
220

+ [k2 _ V(S,U)] 0 0, (2.15)
(1 - K _5S2

+
(1 - r,' (S) U) 2 (S) U)3 (9:S 9U2

where

(S)2 KII(s) U (S))2 2

V(s' U) KK - -

5(K' U

(2.16)
,(S) U)2 3

- K4(1 2(1 - n(s) u) 4(1 '(s) U)4

First, we give a plausibility argument that a bound state will exist in

the adiabatic limit of a tube where the curvature is both small and slowly

varying. Define a trial wave function for the tube,
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 (s) sin(7ru)
(2.17)

11-
*

V K(S) U

Inserting this wave function into the differential equation (2.13), expanding
to lowest order in n and neglecting derivatives of n, one obtains the effective

one-dimensional equation

d2 (S) 2 n(8)2 2

dS2
+ -

-

4
- k (s) "Zz 0 (2.18)

Rom (2.18) it is clear that at any point in the bent tube, the curvature

n(s) produces an effective attractive potential, where the magnitude of the

attraction is approximately (S)2/4. Marcus [44] first pointed out that the

effective attraction was proportional to the square of the curvature. This is

apparent if one neglects derivatives of the curvature in the effective potential

V(s, u) of (2.16) 6. Since in one dimension a local attraction always produces
at least one bound state, any tube with a sufficiently gentle bend, no matter

how small, will possess at least one confined mode.

Goldstone and Jaffe [18] provided a variational proof for the general case.

In their proof the tube is required to be straight beyond some point so
7

They chose the following trial wave function

exp(-A(Isl - so)) sin(7ru), Isl > so, 0 < u < 1,
(s, U) = (2.19)

Ot (s, U), Is 1 :5 so, 0:5 U .5 11

with a variational parameter A > 0. Inserting this trial wave function into

the energy functional of (2.8), the integrals over the straight sections can be

done analytically. The condition for a bound state then becomes

A/2 + W2/(2A) + d2XIi7ot12
E[O] = < Ir2 (2.20)

1/(2/\) + f d2XjOtj2

In (2.20), f means integration over the curved region of the tube, inside the

limits Isl < so. A bound state will occur if a function Ot in the curved region
can be found which obeys the boundary conditions, such that

I[Ot] >
A
> 0

,
where 1[,Oj d2X [7202 _ 1,7012] (2.21)

2

If we adopt the trial function Ot (s, u) = sin(7ru) in the curved region, it

can be shown that I[Otj = 0. However, Ot is not an extremum of I[01, since

The higher terms in the effective potential can be neglected for either a suffi-

ciently slowly varying curvature, or for a sufficiently thin tube with fixed K.

7
Renger and Bulla [51] have extended this proof, and shown that it holds for more

general curvatures and under weaker conditions than imposed by Goldstone and

Jaffe.
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Vot(s, u) +,7r
2
V)t (8, U)  4 0 (2.22)

Thus there must exist a wave function 0 such that 1[0] > 0, and therefore

(2.21) will be satisfied, for \ sufficiently small. Thus every bent tube of con-

stant width will have at least one bound state, i.e. a state with energy below

the continuum threshold Eth = 7r2
.
The wave function for the bound state

will be large in the vicinity of the bend, and will decay exponentially along
the straight sections outside the bend.

The demonstration that a state exists with energy below the original
threshold (Eth := 7r2) proves the existence of a bound state, unless the cur-

vature of the tube depresses all energy states so as to lower the continuum

threshold. If the curvature is required to vanish sufficiently fast asymptoti-

cally, this will ensure that the continuum threshold is unchanged. Goldstone

and Jaffe enforce this by requiring that the curvature vanish beyond a certain

distance. As we mentioned earlier, it is sufficient to require that the curvature

go to zero faster than 111sl (a logarithmic spiral) [14].
To see how exceptions can arise, consider an infinitely long non-intersect-

ing spiral tube, with hard walls and a constant curvature r,. The effective

attraction arising from the bending is constant everywhere. If the curvature

occurs over a finite region, there are a finite number of bound states with

different energies. In the limit as the curved region becomes infinitely long,

the number of bound states increases without limit, and the energy of every

state approaches the'same value. This point becomes an accumulation point

for the bound states. Furthermore, in this limit new states descend to fill

the gap between the old continuum and this point. The net effect is that the

continuum threshold is lowered to this new value. The infinite spiral tube thus

has no bound states, and its Continuum threshold is lower than the threshold

energy of a straight tube 8. In Sect. 5.1.2 this effect will be observed when

considering bound states in tubes with a circular bend.

2.1.3 Bound States in Curved Tubes of Arbitrary Shape

The bound state theorem for bent tubes is rather remarkable. Under the

rather general conditions we have cited, at least one bound state must appear

for a particle in any bent 2-D tube with constant width and hard walls.

Dunne and Jaffe [53] showed that bound states also occur in any bent tube

of constant width threaded by an Aharonov-Bohm magnetic flux line. Section

2.2 will consider extensions of this theorem to three-dimensional tubes.

Duclos and Exner derive an upper bound to the number of bound states

possessed by a sufficiently thin curved tube [14]; they also derive an expansion

for the bound state energy of a bent tube in the adiabatic limit of small

curvature, when the curvature extends over a fixed length of the tube. One

8
We do not consider here the detailed properties of the spectrum for a periodically
curved quantum waveguide. This issue is addressed by Yoshitomi [52]
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replaces the curvature function n(s) by)3-1(s), where -y(s) is a fixed function

of s and 3 > 0 is a variable parameter. The length of the curved section is

related to the integral of 17(s)l over the whole tube, defined as 11-y1j. In the

limit 0 Duclos and Exner obtain

V 7r2 117112 + C, ] + 0(133)- E(3)
8

(2.23)

In (2.23), the quantity cl is a contribution arising from higher transverse

modes; cl involves derivatives of the curvature along the tube. We define

the binding energy as the difference between the bound state energy and the

continuum, 7r'. Thus for tubes containing sufficiently gentle bends of fixed

length, the binding energy should vary as the square of the right hand side of

(2.23). Hence the binding energy in such tubes will vary as the fourth power

of the scale parameter 3. The reader is referred to the mathematical review

by Duclos and Exner [14] for additional theorems on bound states in bent

tubes.

Up to this point bound state existence proofs have been given for two

general classes of curved tubes: otherwise straight tubes which contain an

outward "bulge," and tubes of constant width which contain at least one

bend. The bound state existence proofs which we have presented can be

extended to a much larger class of curved tubes. We give a heuristic proof
here, which can be made more rigorous using the "bracketing" inequalities
of spectral analysis [54]. Consider a 2-1) tube with hard walls and any shape,
which possesses at least one bound state. The wave function for this tube

obeys the Schr6dinger or Helmholtz equation of (2.1). Asymptotically the

tube boundaries become straight and for convenience the dimensions are

renormalized so the width of the tube approaches one. The presence of a

confined mode ensures that the lowest energy eigenstate for the tube is EO <

72, with the corresponding bound state wave functionoo. Consider any other

tube obtained by making an outward deformation of the original tube over a

finite area. The new tube will also possess at least one bound state, and the

lowest energy state in the deformed tube cannot be higher than E0.
To prove this statement, take the following trial wave function for the

deformed tube:

00, in the original tube
(2.24) t  0, in the deformation

.

The trial wave function in (2.24) is continuous in the new tube, and vanishes

at the tube boundaries 1. Inserting  t into the variational equation (2.8) gives
a trial energy E0, thus the deformed tube must have at least one bound state

with energy no greater than E0. This technique can be used to prove the

existence of bound states in tubes with vastly different geometries. For any

given tube, provided that one can inscribe a smaller tube which is known to

9 The function  t does not have a continuous first derivative everywhere but this

is not a necessary condition for the trial wave function.
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have a bound state, then at least one bound state must exist in the larger

tube. Furthermore, the energy of the lowest bound state in the larger tube

cannot be greater than the bound state energy EO in the smaller tube.

X,

a)

Y1

Y
Y2

- . ............. ....................... .........--- -- --- -

X
.

X2

Fig. 2.3. (a) The L-shaped tube: a tube with a sharp bend of angle 0 90'.

External leads are described by coordinates (xi, yi) and (X2) Y2); the central square

has coordinates (X, Y). The dashed line shows an inscribed arc of a circle of unit

radius. (b) The exact bound state wave function  b in tube of part (a), from [211

As an example of the existence theorem for deformed tubes of general

shapes, consider a tube which possesses a "kink," formed by joining two long

straight sections of unit width at some angle 0 =A 0. Figure 2.3a shows the

L-shaped bent tube, where 0 = 7r/2. It was rather surprising when Lenz et

al. [17], and later Schult, Ravenhall and Wyld [15], Peeters [161, and Exner,

Seba and Stovicek [55] showed that the L-shaped tube possessed a bound

state, by solving the Helmholtz equation for this geometry.

Based on our discussion of bound states, bends and bulges, it should not

be surprising that tubes with a kink should have at least one bound state.

In the vicinity of the kink, the tube has both a bend and a bulge, and we

have shown that each effect separately is sufficient to produce binding. In

Fig. 2.3a the dashed curve is an arc of a circle with constant width, inscribed

inside the L-shaped tube and centered at the inside corner of the bend. We
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could similarly inscribe a tube of constant width with a circular bend, inside a

tube with a kink, for any bend angle. Consequently, our bound state theorems

prove that a tube with a kink must contain at least one bound state, a fact

which was pointed out by Avishai et al. [23]. As the tube becomes straight
(as the exterior angle between the two straight sections 0 --+ 0), the binding
energy of the confined mode (the distance from the confined mode to the

continuum threshold) goes to zero as the fourth power of the bend angle 0.

The proof by Bulla et al. [26], reviewed in Sect. 2.1.1, also shows that a tube

with an outward bulge of any kind possesses a bound state, and a tube with

a kink is covered under this proof.
In Sect. 2.1.1 we showed that the effective adiabatic potential for a tube

could be written in terms of the width W(s) as V,,ff (s) = 7r2/W(8)2. While

a local increase in width corresponded to an effective local attraction, a con-

striction would correspond to an effective repulsion which would raise the

energy of a state. What are the properties of a tube which simultaneously
bends (producing a local attraction), and constricts? One can combine the

effective potentials for bulges and bends ((2.7) and (2.18)) to obtain an adi-

abatic effective interaction for sufficiently gentle curved tubes,

2
r7r (8)2

Veff (s) ',:Z - - - (2.25)
W(8)2 4

We have already shown that a tube which simultaneously bends and bulges
will produce a larger attraction than either effect alone. The relation (2.25)
shows that if a bend is combined with a constriction, the former produces an

effective attraction, while the latter produces a local repulsion. This raises

the possibility that one could combine the attraction arising from a bend

with the repulsion from constriction, so as to effectively cancel each other.

Adiabatically this can be produced for any system in which the width and

curvature are correlated so that Vff (s) of (2.25) remains constant.

One potential application of this relation might be to minimize reflection

in a bent waveguide. The presence of a bend at any point in a tube tends to

produce reflection. It has long been known, for example, that any bend in a

conventional waveguide produces reflection [34]. It would be interesting to ex-

amine the extent to which a correlated bend and constriction could minimize

the reflection in a bent waveguide. Equation (2.25) suggests that it might
be possible to produce a bent waveguide with nearly perfect transmission in

some frequency range 10.

Subsequent chapters will consider the casa of tubes which contain several

identical structures, or "cells," in series. There are various techniques which

one can'use to solve for the states in a system composed of a series of identical

cells. Some general techniques are given in the quantum mechanics textbook

10
Since the "beAd-squeeze" compensation from (2.25) requires essentially total

cancellation of competing effects, it is possible that higher-order terms would

destroy this cancellation [56].
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by Merzbacher [57]. Ashcroft and Mermin [58] show how to solve periodic

systems which give rise to band structure in condensed matter physics. Sev-

eral approximate methods which are useful for problems in low-dimensional

systems are given in the book by Davies [11].
In Sect. 5.4 we will review in detail the situation which arises for two cells

in series. Chapter 6 discusses the case of the "quantum superlattice", where

one studies a finite periodic sequence of identical cells. Here we will review

some of the qualitative features of confined modes in a series of identical cells.

If an individual cell will support one bound state, its bound state wave func-

tion will be localized in the vicinity of the cell, and will decrease exponentially

in the connecting sections ". In the limit where the separation between cells

grows without limit, the wave functions in neighboring cells do not interact.

A system of N identical cells, separated by very large distances, would then

possess N degenerate bound states. As the cells move closer together, the

bound states interact, with a few states being pushed down in energy while

the remaining states get pushed up. As the distance between cells decreases,

the number of "true" bound states tends to decrease as some of the higher

modes move into the continuum.

The constrained two-dimensional systems considered in this monograph

are interesting examples of systems in which quantum wave conditions pro-

duce an energy spectrum quite distinct from classical conditions. A classical

particle in such a tube is confined in the transverse direction but completely

free in the longitudinal direction. The classical continuum will thus start at

zero energy. However, the quantum boundary conditions (vanishing of the

wave function on the tube boundaries) give an effective confining potential

which produces a minimum (cutoff) energy for continuum solutions (bands of

propagating states). When states exist with energy below continuum thresh-

old, their wave functions decay exponentially in the longitudinal direction.

The situation where boundary conditions on Schr6dinger wave functions give

rise to binding has been termed "quantum con nemenf' [10]. In this book

we will confine our attention to quantum wires, conventional waveguides and

photonic crystals. However, similar models have been used to describe other

physical systems, for example chemical rearrangement processes [59, 60]. In

addition, there has been considerable work on analogous problems in areas

like fluid dynamics or --acoustics, which generally have Neumann boundary

conditions. Parker and Stoneman [61] review a number of situations where

acoustic resonances are observed, and Evans, Levitin and Vassiliev [62] prove

existence theorems for trapped modes in 2-D acoustic waveguides. As we have

mentioned, many previous studies of scattering and transmission in two and

three-dimensional curved tubes did not predict the existence of bound states

in the spectrum.

In all systems considered in this book, each cell will support one bound state,

and the straight sections connecting adjacent cells are required to have the same

width as the external leads of the system.
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The existence of bound states in bent tubes has several implications for

low-dimensional electron systems with similar boundary conditions. These

have been discussed at length in previous papers [63, 64]. Lasing action has

been observed from electrons bound at a T junction in a quantum wire [65].
Bound states of electrons in quantum heterostructures are observed most

directly in electron transport experiments as subthreshold peaks in conduc-

tance due to resonant tunneling through the confined mode(s) [66, 67].

2.1.4 Transfer-Matrix Formalism for Curved Tubes

Calculation of scattering properties for particles in tubes of arbitrary shape
requires numerical solution of the 2-D Helmholtz equation in order to extract

the transmission amplitudes. Many methods have been developed to solve this

equation. For simple geometries, particularly involving square or perfectly
rounded corners, wave function matching techniques are quite effective [15,
23, 68, 69].

Transmission and reflection coefficients in two-dimensional systems can

also be calculated using Green function techniques [70, 71, 72]. Here the

transmission amplitude is obtained by projecting the Green function onto the

desired transverse mode in the asymptotic part of the external lead. Lent and

Kirkner [73] introduced a "quantum transmitting boundary method,' similar

to a method of Frohne et al. [74], which was capable in principle of solving
two-dimensional transmission problems with an arbitrary number of external

leads and for arbitrary internal geometries. For quantum heterostructures,
Datta [1] gives a thorough review of Green function techniques, and Ferry and

Goodnick [2] review many of these numerical techniques, in particular lattice

Green function methods. We refer the reader to those texts for comprehensive
references.

In this monograph, transfer matrix techniques will be utilized for solving
transmission and bound state properties in deformed tubes. Transfer matrix

methods have two major advantages for our purposes. First, for the simple

geometries chosen in this book, the transfer matrix is straightforward to

calculate, since the transverse eigenfunctions can be calculated analytically,
as can the matrix elements which appear in the resulting coupled algebraic

equations. Our primary objective is to obtain a qualitative understanding of

the physics of binding and transmission. In particular, the major focus of

these investigations will be at low energies, either below the threshold for

continuum transmission, or in the region between threshold and the second

transverse mode. In this case, as we will demonstrate, the resulting infinite-

dimensional equations can often be truncated with reasonable accuracy by
including only contributions from one or a few modes. This reduction can

provide a great deal of insight into the origin of physical effects. In fact, for

low energy scattering in the "single mode approximation," where only the

lowest transverse mode is retained, analytic results can be derived for most

geometries investigated in this book.
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The second advantage of transfer matrix techniques is their application
to tubes composed of a series of identical cavities or cells [75, 31]. In such sys-

tems, transmission through a series of identical cells can be calculated by re-

peated multiplication of the transfer matrix for a single cell. Wu, Sprung and

collaborators have examined the qualitative features of binding and transmis-

sion in 2-1) tubes, in a series of papers [27, 28, 29, 30, 31]. They have shown

that an excellent qualitative understanding of transmission and conductance

through such tubes, particularly at low energies, can be obtained by truncat-

ing the expansion of the scattering amplitude to the lowest transverse mode.

In this truncated expansion one can'straightforwardly derive a number of

predictions for binding and transmission, and these features are in excellent

agreement with results of exact calculations of scattering through 2-D tubes.

Our introduction to the transfer matrix approach follows the paper by Wu,

Sprung and Martorell [301. In the remainder of this chapter, this method is

applied to bound state problems. In Chap. 3, the transfer matrix formalism

is extended to calculate transmission and conductance in the continuum.

The transfer matrix equations are valid for any 2-D system with an inter-

nal deformed surface coupled to two straight external leads, shown schemat-

ically in Fig. 2.1b. The two leads are denoted 1 and 2, respectively, and the

boundaries between the inner surface and the leads as a, and C72, respectively

(with outward unit vectors al and 0'2). The orthonormalized solutions for

the external transverse modes and their eigenvalues are given by On(y) and

,En, which are given by (2.3) after rescaling the external leads to unit width.

In the internal region, define auxiliary wave functions Xno and X0,, which

satisfy the Schr6dinger equation under the following boundary conditions.

On one of the boundary surfaces, the auxiliary functions Xno and Xon reduce

to the channel wave function On(y) for the external leads, i.e.

X.O(X,Y)I,., = X0.(X'Y)1, = 0-M

XnO(X7 Y)10'2 = XOn(X7 01al = 0
* -(2.26)

On all of the internal surfaces of the cell, the auxiliary functions vanish. The

wave functions in the leads, and in the interior, are then expanded in their

respective sets of basis functions

,Or(x, y) = E (c,-. exp(ian x) + 1 rn exp(-ian x)) 0.(y),
n

an = V"k2 - (nir)2

Oin (X, Y) = E Dn Xno (X, Y) + En Xon (X, Y) - (2.27)-
n

In (2.27), F = 1, 2 denotes the two external leads. In the external leads, the

longitudinal wave function is expanded in terms of traveling waves in the

open transverse channels, and exponentially increasing and decreasing terms

for the closed transverse modes. The function oin denotes the wave function
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inside the cell. To solve (2.27), one requires continuity of the wave function

and its normal derivatives at the boundaries. Upon imposing these boundary
conditions, the interior expansion coefficients D,, and E,, in (2.27) can be

eliminated to obtain an equation relating the coefficients of the external leads

on either side of the cell,

US1 = VS2 (2.28)

In (2.28), Sj (j=1,2) is the column array

Sj =
Cj

(2.29)(Cj)
where Cj (ibj) are column arrays with elements Cj,,, (6j,"). The matrices U

and V appearing in (2.28) have the form

U (B + ia B -,ia)A' A

V
A IA (2-30)(B'-ia B +ia)

In (2.30),- a denotes a diagonal matrix with elements a, and A, A', B and

B' are auxiliary matrices defined by

A,,,,, = - dy 0,,(y) (VXo. - oj) 1, 
0

A'nm = - dyO,,(y)(VXmo'0'2)jcr2

Bnm =f1dy0n(Y)(VXmO-0'1)1a1
00

B'nm = fo dyOn(y)(VXom*0'2)ju2 (2-31)

The matrices B and B' are real and symmetric, and the matrices A and A' are

real and obey the relation A' = AT. In principle (2.28) represents an infinite-

dimensional coupled channel problem. However, at any given energy, only a

finite number of transverse channels are open. In the closed channels the

wave function decreases exponentially in the longitudinal direction because

the longitudinal momentum is imaginary. Consequently, the transfer matrix

can be truncated without loss of accuracy at some finite number of channels,
denoted by the integer J. Following this truncation, the matrices A and B

become J x J square matrices, and the transfer matrix M is a 2J x 2J

square matrix. When the cell is symmetric with respect to the two leads, one

obtains the relations B = B' and A = A'. All examples used in this text

will be symmetric with respect to the external leads; consequently at various

points in the text we will assume this symmetry. It is straightforward to

extend the resulting equations to solve the general case of asymmetric cells.
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The relation (2.28) can be straightforwardly generalized to the case where

one has a series of N cells. In this case the wave function coefficients at the

cell boundaries can be numbered sequentially, from left to right, and one

can define the column matrices Sj, where j = 1, 2, .. .,
N + 1. The transfer

matrix relates the wave function coefficients across any cell, so (2.28) can be

rewritten to relate the wave function on both sides of the j'h cell, as

(2.32)Sj Mj Sj+1 = (uj)-,Vj Sj+1 ,

where j = 1, 2,. ..,
N. In (2.32), Mj is the transfer matrix for the jth cell.

The transfer matrix M(N) for transmission through the N-cell system links

the wave functions on the right and left sides of the entire system,

S, = M(N) Sj+1 =MIM2 ... MN Sj+1 - (2.33)

From (2.33) it is clear that the transfer matrix for transmission through a

series of N cells is given by the product of the individual transfer matrices

for each cell,
M(N) = M1 M2 ... MN (2.34)

In the case that the cells are identical, the net. transfer matrix is obtained by

multiplying the transfer matrix across an individual cell N times,

M(N) = (M)N . (2.35)

In later chapters we will consider tubes which contain a repeated pattern

of cells. Each cell will contain a bend or cavity, and will be separated from

neighboring cells by a straight section of length 1. Although in principle the

straight section could be included as part of the "cell," it is generally much

easier to obtain analytic formulae for auxiliary wave functions such as X"O if

the straight section is treated separately. In this case the cell is divided into

two parts, a deformed cavity and a straight section. In all examples consid-

ered in this text, the width of the interior straight sections is kept identical

to the width of the external leads (and the dimensions are renormalized so

the external leads have unit width). It is straighforward to account for prop-

agation through a straight section: a wave traveling to the right through a

straight section of length 1, acquires a phase P = exp(ial). Adding the phase

acquired from the straight section requires re-defining the matrices U and V

from (2.30). The matrices U and V, which describe propagation through a

cell described by the auxiliary matrices of (2.31) coupled to a straight section

of length 1, are given by

U
(B + ia)P B - ia)A'P A'

V
A AP

(2.36)( B' - ia (B' + ia)P
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It should be mentioned that there are technical difficulties with the trans-

fer matrix formalism. The longitudinal momenta a,, in the closed channels

are imaginary, so wave propagation decays exponentially in closed channels.

The matrices which appear in (2.30) are singular, so attempts to invert them

can cause numerical instability [31]. It is not clear a prioTi how many closed

channels, or evanescent states, need to be included to obtain the desired nu-

merical accuracy. It is frequently necessary to vary the number of channels

included,"in order to determine by trial and error when the desired precision
is reached. Furthermore, other numerical methods may provide more efficient

ways to calculate scattering in these systems. In terms of the length L of a

,given step in numerical integrations, the transfer matrix requires a compu-

tational cost proportional to L3. For comparison, recursive Green function

methods have a computational cost proportional to L4
,
while the boundary

element method of Frohne et al. [74] has a computational cost proportional
to L'. Despite these drawbacks, the transfer matrix equations can always
be converted to equivalent linear equations which minimize these difficulties.

Furthermore, our main interest in the transfer matrix formalism is to provide
a guide to the relevant physics. The transfer matrix method clarifies the rela-

tion between transmission through a single "cell" (a tube with a single bend

or cavity), and a series of cells (tubes with regularly repeated structures).
Wu, Sprung and collaborators [31, 27, 28, 291 have emphasized the ad-

vantages of the "open mode" approximation scheme, where one includes only
those transverse modes which are energetically accessible at a given energy.

In the closed channels, wave functions tend to die off exponentially with

distance in the external leads, so contributions from closed channels to trans-

mission and reflection are generally small, except for energies quite close to

channel thresholds. The open-mode approximation gives results which are

often quite close to the exact scattering through a system ". Moreover, this

approximation gives analytic expressions for certain geometries, and provides
considerable insight into the physics of more complicated systems.

For bound states, and low-energy scattering in the region below the second

transverse excitation mode, at most one of the longitudinal wave numbers

a,, is real. In this energy regime, the open mode approximation neglects
all modes n > 1. In this case (defined as the "single-mode approximatiod'

[SMA]) the matrices A and B of (2.31) simply become numbers, and the

transfer matrix M of (2.32) is a 2 x 2 Hermitian matrix with determinant one.

Since the SMA is frequently easy to calculate, and often straightforward to

interpret, we will review in some detail the properties of SMA matrix elements

for scattering and bound states. Note that since only a single transverse

channel is retained, there is no interference between different modes in SMA.

Consequently, the single-mode approximation is a one-dimensional reduction

For bound states, where no channels are open, reasonable estimates are often

obtained in the "single-mode approximation," where one includes only the lowest

transverse channel.
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of the 2-1) scattering problem. Many powerful techniques have been developed
to solve I-D problems, and these can be applied to this situation.

For a symmetric cell it is straightforward to show that in single-mode

approximation the diagonal elements of the matrix M of (2.32) have the

form

B A2 -B2+a2

Mil = exp(-ial) (A _%_ 2aA

M22 = eXP(ia 1)
B
+i

A2 -B2
+a

2

(2.37)(A 2aA

In (2.37), A = All, etc, and a = a,. By inspection, above continuum thresh-

old (2.37) has the property

M22 == Mj*j (2.38)

'Ransmission and reflection coefficients will be discussed in more detail

in Sect. 3.1. For now, consider transmission through a single cell, in single-
mode approximation. Consider the case where one has an incident wave of

unit magnitude on the left side of the cell. There is a reflected wave with

amplitude rl on the left side, and on the right hand side there is no incident

wave and a transmitted wave with amplitude tj. The transfer matrix can

then be written as

M12 ti
(2.39)( I ) = (M11 ) ( ) -

rl M21 M22 0

By inspection, the SMA transmission and reflection amplitudes are related

to the transfer matrix elements through

ti = 1/mil

rl/tl = M21 - (2.40)

A useful quantity is the Bloch phase 0 for a periodic system, which for a

symmetric cell in SMA is related to the transfer matrix through the relation

cos(O) Tr(M)/2

B A2
- B2

+ a
2

cos(al) -
2aA

sin(al) (2.41)

13
For energies above continuum threshold one has cos(O) Re(Mil) .

Below continuum threshold, the longitudinal momentum in the lowest trans-

verse channel becomes imaginary, i.e. a --> i1al and the SMA relation for the

Bloch phase then takes the form

13 In earlier papers by Sprung et al. it was asserted that this relation holds below

threshold as well. From (2.37) it can be seen that cos(O) =7 Re(Mil) below

continuum threshold. These and other relations of scattering amplitudes below

continuum threshold are reviewed in a recent addendum by Wu, Sprung and

Martorell [76].



2.1 Localized Modes in. Two-Dimensional Systems 29

B A2
_ B2 _ JaJ2

-os(O) cosh(jall) -C

21alA
sinh(jall) (2.42)

An "allowed' region is defined by Icos(O)l < 1, and a "forbiddew' region
by I cos(O) I > 1. Allowed regions are -those characterized by free propaga-

tion through the system. In allowed regions the Bloch phase gives the phase
shift arising in the transition across a single cell. In forbidden regions, where

the Bloch phase is complex, the magnitude of the wave function decreases

exponentially when crossing a cell.
.

The single-mode approximation provides an estimate for the bound state

energies in a bent tube. A bound state is a stationary state existing below

continuum threshold, for some kb < 7r. For the bound state all longitudi-
nal momenta are imaginary, i.e. a,, = iV _(-nir)2-kb2. For energies below the

continuum, the traveling wave terms in the external straight sections from

(2.3) become exponentially increasing and decreasing solutions. For a bound

state to exist, the wave function must decrease exponentially in the straight
sections. If the exponentially increasing terms are retained, the wave func-

tion cannot be normalized. Therefore, the coefficients of the exponentially
increasing terms from (2.27) are set to zero. In SMA the resulting equation
for the bound state can be written

( 0 ) = (M11 M12) (t1) (2.43)
rl M21 M22 .0

It is seen by inspection of (2.43) that the condition for a bound state is

Mil = 0. From (2.37) one can obtain the SMA estimate for the bound state

in a single symmetric cell,

A2
= (B + jal )2 (2-44)

For transmission through N identical cells in series, one needs the matrix

M(N). In SMA the transfer matrix M is a unimodular 2 x 2 matrix. For such

a matrix one can derive the relation [30]

M(N) = [sin(NO)M - sin((N - 1)0)1] (2.45)
sin(O)

In (2.45) the matrix I is the unit matrix. Thus in single-mode approximation
the transmission and reflection amplitudes through N identical cells, tN and

rN respectively, can be written directly in terms of the elements of M and

the Bloch phase,

M(N) 11tN [sin(NO)Mll - sin((N - 1)0)1)11 sin(O)

[sin(NO)/tj - sin((N - 1)0)]
sin(O)

M(N) IrNltiv _
sin(NO)

M
sin(NO)

(ri/ti) (2.46))21 sin(O)
"
-

sin(O)
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Equation (2.46) shows that in this approximation, the transmission and re-

flection amplitudes can be written in terms of tj and r, through a single
cell, and the Bloch phase. In particular, the ratio of reflection to transmis-

sion amplitudes for N identical cells has a particularly simple'relationship
to the corresponding result through a single cell 14

.
In Chap. 6, when we

discuss tubes composed of a series of identical cells, it will be demonstrated

that (2.46) provides a qualitative understanding of many of the features of

scattering through a finite periodic series of cells.

It is straightforward to show [28] that, in single-mode approximation, the

transmission probability through a symmetric curved tube obtained using

(2.37) is identical to the transmission probability through a one-dimensional

square well with width w and depth V [78]. Since in SMA only a single
transverse channel is consideked, one can drop channel indices and adopt the

notation A = All, B = B11, and a = a,. The wave numbers outside and

inside the square well are a and -y = -v/A2 - B2, respectively, and the width

and depth of the "effective square welF potential are related to the tube

parameters through

W =

I
Cos-,(

B I
Cos

B

ly A v/A-_2 AB2

V = Y2 _ a
2

== A2 - B2_a2 (2.47)

Therefore, in single-mode approximation, the transfer matrix for any sym-

metric quantum wire with two external leads is identical to that of an ef-

fective one-dimensional square well, whose parameters are given by (2.47).
The matrix elements All and B11 depend explicitly on the energy, so both

the width and depth of this effective potential are energy dependent. Never-

theless, the square well approximation derived by Wu, Sprung and Martorell

[28] is useful for understanding a number of scattering and binding problems
in two-dimensional tubes. In Chaps. 5 and 6 the effective SMA square-well

potential will be used to investigate binding and scattering phenomena in

tubes with two cells and many cells, respectively.
For certain geometries, the open-mode truncation gives analytic expres-

sions for the effective potential width and depth, and provides analytic ap-

proximations for the bound states and transmission coefficients. Bound state

energies can be estimated by applying the single-mode approximation at low

energies, and the SMA result of (2-44) provides a first estimate for the bind-

ing energy. Wu, Sprung and collaborators have applied these estimates to

several systems of interest [27, 28, 79, 80]. In later sections we will give sev-

eral examples of the power of this approximation, particularly for systems

composed of a finite periodic series of identical cells.

Vezzetti and Cahay [77] had previously shown that, for an effective one-

dimensional problem, (2.46) held for the transmission probability (the square

of the transmission amplitude). The more general result (2.45) was proved in

[30].
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In approximations where only the lowest transverse channel is consid-

ered, the resulting scattering is quasi-one-dimensional. There are a number

of approximation schemes for I-D problems which can be applied to obtain

analytic formulas for the transmission and conductance. One method which

has been widely used is called the "current conservation method," which was

first introduced by Griffith [81, 82]. In this scheme the continuity of normal

derivatives of wave functions at junctions is enforced in the same way as

current conservation in circuits via Kirchhoff's laws. This method has sub-

sequently been applied by several other groups [83, 84, 85, 86, 87]. Shi and

Gu [88] derived algorithms which allow one to assign an impedance to any

cccircuit element" (stub, Aharonov-Bohm ring, etc.) connected in series or

parallel, and gave rules for combining impedances in any 1-D system. One-

dimensional systems have also been studied widely in optics [89].
These I-D models help us to evaluate the nature of the phenomena seen

in quantum wires. To the extent that the single-mode approximation repro-

duces exact scattering results, the dominant physics is quasi-1D. Certainly
at energies above the second transverse channel threshold, such an approx-

imation will no longer be valid, and I-D models also fail to reproduce the

quasi-bound state which will be seen just below the second transverse chan-

nel threshold. Nevertheless, these 1-D models generally give very good quali-

tative agreement (and often quantitative agreement) with low-energy bound

state and transmission properties of quantum wires. Such models provide

powerful insight into the physics governing the behavior of these systems,

and they enable us to separate quasi-11) effects from true two-dimensional

phenomena.

2.1.5 Example: One-Dimensional Reduction

Applied to the L-Shaped Tube

As an example of the transfer matrix method, consider the L-shaped tube

shown in Fig. 2.3a. After it was demonstrated that this system possesses

a bound state (15, 16, 17, 55], binding and low-energy scattering in tubes

with a single bend were studied by several groups [21, 22, 23, 27, 28]. The

transverse eigenfunctions in the straight leads are given by (2.3). As the tube

is symmetric with respect to r6flection about its center, it is necessary to

consider only the interior function X0,, of (2.26), which can be calculated

analytically

sin(a,,X)
Xon (X, Y) = V2 sin(n7rY)

m(a_m(an

Vxon o,11, = V2nir (_I)nsin(anX)
sin(an)

VXOn 0'210'2 = v"2an sin(n7rY) Wt(Cen) (2.48)

The coefficients of the matrices A and B can also be calculated exactly,
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A
2nM7r2 (_I)n+m 27r2

nm

(nir)2 - a2- 2
- a2

M
7r I

Bnm Cen Wt(Cen)jnm "  al Wt(Cel) (2.49)

In (2.49), the second values given are the elements All and B11 (only these

elements are used in the single-mode approximation). Rom (2.44), the SMA

estimate for the -bound state energy is k2 = 0.9467r2; if the full matrices
S

A and B are included (rather than just the lowest mode terms), the exact

bound state energy can be calculated, with the result Eb = k2 = 0.929 70.
b

We define the binding energy BE as the difference between the continuum

and the bound state energy, i.e.

BE = Eth - Eb

= 7r2 - k
2

(2.50)b

The single-mode approximation to the binding energy for the L-shaped tube is

not particularly precise (BE, =- 0.054 7F2 VS. the exact value BE = 0.071 7r2);
the exact binding energy is about 30% larger than the SMA value, for this

geometry. The single-MOde result will give a lower limit to the binding energy

since every transverse channel produces an effective attractive potential, so

the SMA (which includes only the lowest transverse mode) underestimates

the binding potential. Figure 2.3b shows the exact bound state wave function.

The wave function is large in the vicinity of the bend, vanishes at the tube

boundary, and decays exponentially along the straight legs of the tube. The

bound state wave function has no zeroes inside the tube, and a single max-

imum in the bend region. In later sections we will encounter systems which

have more than one bound state. In such systems, the higher-energy states

must be orthogonalized to the lower energy states. As a result, the higher

energy bound states in such systems will have nodes in their wave functions.

The effective square well potential for this geometry can be obtained

from (2.47). One can obtain reasonable results by assuming that a, is small;
if the single-mode values for All and B11 in (2.49) are expanded to lowest

order in a,, the approximate values for a tube of unit width are

All 2
,

Bil 1 N/3
7

W V 3. (2.51)
3.\/3-

2The bound state energy in the square well (sw) approximation is k8w
0. 938 7r2. The effective square well prediction is somewhat closer to the exact

binding energy than the SMA estimate. For bent waveguides composed of

several successive L-shaped bends, the effective potential for such a system

can be considered as a series of effective square wells. If successive bends are

separated by a distance I then the square well width is given by (2.51), with
15

separation 1 between adjacent square wells
.
In Chap. 5 this approximation

15
Clearly, for a tube with a series of successive cells, the SMA estimate of the

effective potential as a series of identical square wells will not make sense if the
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will be extended to treat the case of two cells in series, and Chap. 6 it will

be applied to series connections of many identical cells.

2.2 Bound States in Three.-Dimensional Tubes

In this chapter we have focused our attention on the properties of bound

states in 2-D tubes. However, most of the bound state existence proofs given

here can be straightforwardly extended to three-dimensional [3-D] tubes. For

example, a 3-D tube with a bulge will always possess at least one bound

state, provided only that the deformed tube has a greater volume than the

original tube. This was proved by Bulla et al. [26], and is a direct extension

of the arguments used in the two-dimensional existence proof.

A 3-D tube of constant normal cross-section will also have at least one

bound state if it has a local curvature over a finite part of its length. This

was demonstrated in the adiabatic limit by Exner [90], and proved generally

by Goldstone and Jaffe [18]. Again, adiabatically the curvature produces an

effective "potential" -0/4, and the torsion appears as a gauge field. Here

we briefly review the variational 3-1) proof of Goldstone and Jaffe.

First, construct the tube and a convenient coordinate system from a curve

C parametrized as x(s) and a disc D of arbitrary shape. Begin with the Frenet

frame vectors i, fi and  which satisfy

V = r,(S)fi W = -n(s)i+,r(s) S, = -r (8) fi (2.52)

In (2.52), r,(s) and -r(s) are the curvature and torsion of x(s), and the prime

signifies differentiation with respect to s. From these frame vectors one defines

two new vectors

N'= cos[O(s)]fi + sin[O(s)]b

h = - sin[9(s)]fi + cos[O(s)] (2.53)

with O(s) defined by
S

O(S) f
DO

ds' -r(s') (2.54)

From the definition (2.53) for the new frame vectors, the vectors i-B and i

can be shown to satisfy the relations

K(S) COS[0(8)]i
b n(s) sin[O(s)]i

=r.(s)fcos[O(s)]&-sin[O(s)]BJ (2.55)

width w of an individual well from (2.51) is greater than the separation 1 between

adjacent cells.
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+S,

1,

Fig. 2.4. Schematic picture of a three-dimensional tube constructed from a disk D

moving along the curve C. The vectors in the "parallel transport frame" are shown.
The tube can have non-zero curvature up to the points s = sO

The new triad (the "parallel transport framd' [91]) is used to construct

 he tub :, the disc D is moved along C rigidly in a reference frame such that

N and B are at rest, so that its boundary sweeps out the tube D. The unit

vectors for such a coordinate system are shown schematically in Fig. 2.4. If

the points inside D are parametrized by

X(s,  ,,q) = X(s) + (2.56)

then one can show that the volume element is

d3X = (1-r,(s)1?7cos[O(s)]- sin[O(s)jl)dsd dq (2.57)

Rom here on, the variational argument for the existence of a bound state

is similar to that of the two-dimensional case. The tube is divided into straight
sections labeled I and III with Isl > so, and a central curved section II with

Isl < so, as shown in Fig. 2.4. Suppose X( , 71) is the lowest eigenfunction of

the Dirichlet problem on the disc D; if its eigenvalue is -ko, the transverse

coordinates  and 77 can be rescaled so that k2 = 1. Then consider the trial0

function

(s,  , 77)
X( , 77)e- 'Osl-80) for Isl > so

(2.58)
Oii(s,  "q) for Isl < so .

Inserting the trial function from (2.58) into the energy functional of (2.8),
the condition for a bound state reduces to

d3X (02 _ IVOI,12) > 4A
. (2.59)

ri
1If

D
-so
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Since A was an arbitrary positive number, it is only necessary to show that

the integral in (2.59) is positive for some trial function '01I in the curved

region, which satisfies the boundary conditions 011 (sO,  ,,q) = X( ,,q).
In fact, choosing 01I = X( , 71) it is possible to show [18] that

3X(V)2 _ pV)II12)r,d Hj
so

f
SO

ds fD dq d [1 - n(,q cos 0 -  sin 0)] (X2 _ IV_LX12) = 0 (2.60)

There will exist a function 01, which does satisfy the condition given in (2.59)
unless the choice 01, =: X( ,,q) is an extremum for the variational problem on

region II, subject to the boundary condition. It is clear that this is not the

case, since then it would satisfy V'V)ii + V)II = 0. It does not, so a suitable

function OII(x) on II must exist, which satisfies (2.59) for a suitably small

positive number A. This completes the bound state existence proof in three

dimensions.

In their review article on bent tubes and bound states, Duclos and Exner

[14] discuss the extension of the bound state existence proofs to three di-

mensions. As in the 2-D case, it is not necessary that the torsion vanish at

a certain distance, as required by Goldstone and Jaffe., Duclos and Exner

summarize the limits on the torsion and its derivatives necessary to produce

binding. They separate the relative contributions of bending and torsion to

binding in a three-dimensional tube. Just as for the 2-D case, they produce

lower bounds on the number of bound states in a bent 3-D tube, and an

adiabatic approximation for the bound state energy in such a tube. Takagi

and Tanz'awa [92] consider the quantum mechanics of a particle in a gently

twisted and curved loop.
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Chapter 2 summarized the properties of bound states in constrained two-

dimensional structures. In this chapter we discuss transmission and conduc-

tance through these 2-D systems. Section 3.1 considers the physics of trans-

mission and reflection through long curved tubes. Some general formulas are

derived for such systems, and examples of transmission in. simple geometries

are studied. In later chapters these formulas are applied to tubes with various

geometries.
In Sect. 3.2, the probability current is introduced. It is shown that plots

of the probability current density give considerable insight into the physics of

particle transmission through bent tubes. In this case one follows the stream

lines of the quantum probability current j. The properties of stream lines in

the flow are reviewed. We also demonstrate the importance of vortices in the

probability flow, and fixed points which form boundaries between different

regions of flow. It is shown that deep minima in the transmission are generally

associated with substantial vortex formation in the probability flow.

Section 3.3 briefly reviews the physics of electron quantum heterostruc-

tures. We focus on the extent to which the analogy of single particles moving

in 2-D tubes is an accurate description of electron motion in quantum wires.

Section 3.4 presents a qualitative derivation of the Landauer formula for elec-

tron conductance in quantum heterostructures. In Sect. 3.5 the conductance

is derived for the simple case of a straight conducting channel between two

reservoirs. The qualitative features of the conductance are reviewed, and the

dependence of conductance on electron temperature is studied.

3.1 Transmission and Reflection in a Long 'Dibe

Consider a long curved tube of the type shown schematically in Fig. 2.1b.

The tube has two straight leads of unit width labeled 1 and 2, connected by

a center region of arbitrary shape. Coordinates in regions I and 2 are defined

as shown; the longitudinal and transverse directions are defined as xj and yj

respectively in lead j, with the boundary to the deformed region defined as

xj = 0. In the straight sections the wave functions are expanded in terms of

transverse eigenfunctions 0,(y) with eigenvalues e,,,. The wave functions in

the straight sections I' = 1, 2 are expanded using (2.3) and (2.27),

ute
J. T. Londergan, J. P. Carini and D. P. Murdock: LNPm 60, pp. 37 - 70, 1999© Springer-Verlag Berlin Heidelberg 1999
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Or(x, y) = [C_,,. exp(ia,,,x) + exp(-ia,,,x)] 0.(y)

O,n(y) = A/2-sin(m7ry)

En = (m7r)'a,,, = VP - 6M , (3.1)

Elastic threshold begins at energy k2 = 7r2. For a given energy aboveth

threshold, there are a certain number of open channels. If transverse channel

n is open, then k > en, and the longitudinal wave number a,, is real. Channels

for which rs, > k are closed channels, which have imaginary longitudinal
wave numbers a, where,3m = Vrcn - k2. To solve this problem, the

wave functions in the internal region of the tube are expanded in a complete
set of channel eigenfunctions defined in (2.26), which satisfy the boundary
conditions in that region. The expansion coefficients are fixed by requiring
the wave functions and normal derivatives to be continuous on the region
boundaries a, and 92 shown in Fig. 2.1b.

The scattering problem is solved by finding the reflected and transmitted

waves resulting from an incident wave in transverse channel n of lead 1. In this

case, the boundary conditions require that external lead I have an incoming
wave in channel n and reflected waves in all channels; in lead 2 there are only
outgoing transmitted waves in all channels. Normalized to the incident flux,
the expansion coefficients of (3.1) then have the form

C(n) -

J-M
IM

-

-

, am

-(n) Rnm
C
IM

-(n)
- 0C2 m -

r,(n)
-

Tnm
2m

-

Ia---
' (3.2)

V M

In (3.2) there is a unit incident wave in channel n of lead 1, and no incident

waves in lead 2. The quantity Rnm is the reflection amplitude in channel

m of lead 1, arising from an incident wave in channel n, and Tn", is the

transmission amplitude in channel m of lead 2. By normalizing to the flux in

each channel (the , factor in the denominator of each term in (3.2)), we
normalize the various channel states so that they carry equal current; with

this definition the resulting transmission and reflection amplitudes do not

require additional renormalization to account for unequal current densities

in the various transverse channels.

In general, the transmission and reflection amplitudes are complex quan-

tities. The reflection and transmission coefficients are non-negative real num-

bers which are given by the absolute square of the reflection and transmission

amplitudes, respectively,
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Rnm IRnm 12
T

nm 12nm JE (3.3)

The total reflection and transmission probabilities give the total probabil-
ity that a wave incident in channel n is reflected (or tr'ansmitted) into all

channels. The reflection (transmission) probability is given by the sum of the

reflection (transmission) coefficients

Rn = E' Rmn
M

Tn = E'Tnm 1 (3-4)
M

where the sum in (3.4) is taken only over open channels.

A special case occurs when the two-dimensional system possesses longi-
tudinal symmetry with respect to reflection about the. center of the tube, as

was discussed in Sect. 2.1.4. For this case one can consider separately those

states which are symmetric or antisymmetric with respect to reflection. The

symmetric state is obtained by averaging the states obtained for an incident

wave in channel n from lead 1, and from lead 2, of the system. In the external

leads of the tube the symmetric wave function has the form

(n)
Os (X,Y)= 7,[exP(-iamlxl)Jnm+(rnm+Rnm)exp(iamlxl)]

Va-m
'

M

(3.5)
where the symmetric state is identical in both.external leads of the wire. The

antisymmetric wave function is obtained by taking the wave function incident

from lead 1 in channel n and subtracting the one incident from lead 2. In this

case the wave function in lead 2 can be written

,
(n)

(X, Y) = E [- exp(-iamx)Jnm + (T,,,,, - 1 -nm) exp(iamx)]
OMW

V A,2

(3.6)
The antisymmetric wave function in external lead I has the form

O(n) (X, Y) = _,O(n) (_X, Y) (3.7)Aj A,2

In Chap. 2 we defined the transfer matrix M; this matrix gave the co-

efficients of waves on the left side of a cell as a function of the coefficients

on the right side. The transfer matrix is directly related to the transmis-

sion or T-matrix. For example, it was shown in (2.40) that in single-mode
approximation the elastic transmission amplitude is given by Til = 1IM11.
An alternative quantity is the scattering or S-matrix. This matrix expresses

the coefficients of the outgoing waves on either side of a cell in terms of

the incoming waves. Elementary definitions of the scattering matrix and its
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properties can be found in the quantum mechanics textbook by Merzbacher

[57]. More detailed discussion can be found in the monographs by Newton

[93] or Goldberger and Watson [941. One can therefore define symmetric and

antisymmetric S-matrix elements in terms of the transmission and reflection

amplitudes,

SL = (T + R)n,
SA = (,r _ R)nmnm

(3.8)

The various symmetries of the scattering problem require that the S-matrix

obey certain relations. One of the most important conditions is that the

symmetric and antisymmetric S-matrix are unitary. Unitarity follows from

the invariance of the S-matrix under time reversal. Loosely speaking, if one

took a movie of a microscopic interaction, time reversal invariance would

mean that there would be no distinguishable difference between running the

movie forward, or backward. For spinless particles, the operation of time

reversal changes the sign of the longitudinal momentum, and interchanges
the initial and final channel labels. More detailed discussions of time-reversal

invariance can be found in the books by Schiff [78] or Newton [93].
The unitarity condition requires that

(SS)t SS = I

(SA)t SA =I (3.9)

The unitarity condition (3.9) is a matrix relation, where the matrix I is

the unit matrix. The elements of the adjoint of a matrix are related to the

elements of the original matrix by

A 
,
= (A*),,m (3.10)

M

The dimension of the S-matrix in (3.9) is limited to those channels which are

open at a given energy.

For a symmetric tube, the unitarity conditions (3.8) and (3-9) impose two

conditions on the transmission and reflection matrices

Tt T + Rt R = I

TtR+7ztT=o (3.11)

Equation (3.11) expresses the unitarity constraints on transmission and re-

flection amplitudes which follow from the symmetry of the system. The first

of (3.11) includes the conservation of probability, i.e. R,, + T,, = 1, where

T,, and R,, are respectively the total transmission and reflection probabilities

given by (3.4).

3.1.1 Example: 'I'l-ansmission in the L-Shaped Tube

As an example of transmission in a curved tube, consider the L-shaped tube

shown in Fig. 2.3a. Rom our discussion in Chap. 2, the L-shaped tube con-

tains both a bend and a bulge in the vicinity of the right-angle corner. The



3.1 'Iyansmission and Reflection in a Long Tube 41

coefficients Cr,,,, and 15r,. are obtained by solving the resulting linear equa,-

tions, (2.28), where F = 1, 2 refers to the wave function on the left and right
hand side of the bend, respectively.
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Fig. 3.1. (a) I?ot-dashed curve: single-mode approximation to transmission prob-
ability T11or the L-shaped tube, vs. the wave number k, from [27]. Solid curve:

Ti, dotted curve: T2 calculated using four transverse modes. (b) T ansmission co-

efficients T11 (solid curve), T12 (dashed curve) and T13 (dotted curve) from (3.3),
calculated using 20 transverse modes

In Sect. 2.1.5 it was shown that the "single-mode approximation" (SMA)
gave a reasonable prediction for the bound state energy in the L-shaped tube.

We apply the SMA to estimate the transmission amplitude in this tube, for

energies from threshold to the opening of the second transverse channel. In

this case the sum over transverse modes is truncated at N = 1, the matrices
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A and B defined in (2.31) become numbers which are given in (2.49), and

using (2.37) and (2,40) oi,)e obtahis ap. aii-alytic expression for the transmission

probability,

2 2 2
-

2 2
B -B 4-al

TI(al) = + (AJM1112 A2 2ajA

=  j + (
U2 - 1

) 21
-1

(3.12)
2u sin(a,)

where the quantity u in (3.12) is given by

U -

.27r2 sin(al)
(3.13)

(jr2 - a2) a,I

The dot-dashed curve in Fig. 3.1a shows the SMA estimate for the transmis-

sion probability Tj in the L-shaped tube vs. the wave number k, as calculated

by Martorell et al. [27]. The solid curve shows the transmission probabilities

T, and T2, from (3.4), when four channels are included in the expansion. The

transmission probability rises rapidly from zero at threshold (k/ir =-- 1) to a

maximum transmission T, i:-, 0.85. Upon reaching a maximum, the transmis-

sion probability remains roughly constant until shortly before the opening

of the second transverse channel, when it decreases and is nearly zero for

k/7r - 1.88. Figure 3.1b shows the transmission coefficients Til (solid curve),

T12 (dotted curve), and T13 (dashed curve) calculated by Trinkle [95], when

20 transverse channels are included. The single-mode approximation gives a

reasonable estimate of T11, until energies slightly below the second transverse

channel (k/7r =2). However, the single-mode approximation cannot reproduce

the destructive quasi-bound state at k/7r - 1.88, since this is an interference

effect arising from the effect of higher transverse modes excluded from the

SMA. ,

We can deduce some general features of the transmission amplitudes, and

hence the transmission probabilities. Note that the transmission probability

of (3.12) is a function of the longitudinal momentum al. In our constrained

2-D systems, the transmission amplitude depends only on the longitudinal

momentum. There is a direct relation between the longitudinal momentum

a,, in the n"' transverse channel and the overall wave number k, as given in

(2.3), however the transmission amplitudes will be explicit functions of the

longitudinal momenta.

Many of our examples will involve low-energy binding or scattering. In

this regime the single-mode approximation, or SMA, often gives accurate

approximations to the exact results. In the SMA the transfer matrix is a

2 x 2 matrix. We can write the transmission and reflection amplitudes as

functions of the longitudinal momentum al a,

T, I (a) t(a)

R11(a) r(a) (3.14)
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In SMA, the general form of the transfer matrix which is consistent with time

reversalis

t(a) t(-Ce)MSMA(a) r(a) (3.15)
T(-.-) t

The relation (3.15) is valid both above and below the continuum threshold.

Above threshold, the transmission and reflection amplitudes obey the relation

t* (a) = t(-a)

r* (a) = r(-a) (3.16)

Consequently, above continuum threshold the transfer matrix in SMA can be

written in the following form,

i r*

t(a) t* (a)MSMA(a) r(a) (3.17)

Because of the conservation of probability which holds for energies above con-

tinuum threshold but below the threshold for the second transverse channel,

t(a)1' + jr(a)1' = 1
, (3.18)

it is straightforward to show that the transfer matrix of (3.17) has determi-

nant one.

The near-threshold behavior of the transmission can be understood by

considering how the bound state influences the low-energy transmission am-

plitude T11. From Sect. 2.1.5, the L-shaped tube has a bound state which

occurs at energy Eb = 0.929,7r2. One can define the magnitude of the longi-
tudinal wave number appropriate for the bound state jabl = v/'7-r2_-Eb. As

the bound state wave function is symmetric with respect to reflection, the

bound state appears as a pole in the symmetric S-matrix SS defined in (3.8),
at the point a = iOzb. From (3.8), the transmission amplitude near continuum

threshold can be written as

SS (k) + SA (k) 1 al + iceb
T11(al) =  

11
-

11
= - + fb(al) (3.19)

2 2 [ al - iCeb I -

The first term in (3.19) is the contribution from the pole in Ss. Unitarity or

conservation of probability, expressed in the conditions (3.11), requires that

for energies above continuum threshold, the magnitude of the transmission

amplitude cannot exceed one. The pole term is written in a form which, for

real values of a,, does not violate the unitarity condition on T11. The pole
term is also consistent with the relation (3.16). The second term fb(al) in

(3.19) is the antisymmetric S-matrix contribution to T11. In general, fb(al)
will be a slowly varying background term, relative to the pole contribution,
for energies near the continuum threshold at a, = 0. The requirement that

the transmission amplitude be zero at threshold means that
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fb(al = 0) = I
. (3.20)

A reasonable approximation for the scattering amplitude near threshold

can be obtained by assuming that the background term is constant, i.e.

cel + iab
+

I cel
(3.21)

2(al - iab) 2 OZ1 - iCeb

As a, increases from zero near threshold, the transmission amplitude T11
will start at zero and undergo a clockwise circular rotation with radius 1/2,
centered about the point Til = 1/2. This will continue until the transmission

probability (the absolute square of the transmission amplitude) is nearly one.

The transmission probability will thus increase rapidly from its threshold

value of zero, to a maximum value close to one. Using the approximation of

(3.21), we obtain the prediction for the transmission probability

T, = JT11(al) 12 0.5

when Cel ab,

or k  ;2 + ab (3.22)

For the L-shaped bend, where ab = 0.266 7r, (3.22) predicts that the trans-

mission probability should reach 0.5 when k/7r   1.035. Figure 3.1a shows

that this estimate gives a good approximation to the low-energy transmis

sion probability. Because the binding energy for particles in curved tubes is

frequently quite small, the transmission probability will therefore increase

very rapidly as the energy crosses the continuum threshold. The smaller the

binding energy, the faster T, will rise just above threshold.

Just before the second transverse channel opens, at k/7r ;:Z: 1.88, the trans-

mission probability goes almost to zero. At this energy, the second transverse

mode is almost accessible. Just as in the lowest transverse mode, there is

an attractive effective potential in this closed transverse channel, produced

from all the higher transverse channels. The effective attraction produces a

quasi-bound, or "virtual bound state" resonancel. If the (closed) second trans-

verse mode was not coupled to the open first transverse mode, there would

be a bound state just below the opening of the second transverse mode. Be-

cause the coupling between the channels is relatively weak, the width of the

resulting resonance is small. This effect can be understood in terms of the

time delay associated with resonance formation. If an incident wave in the

first transverse mode makes a virtual transition to a very weakly coupled

closed channel, the system will spend a long time in the second transverse

mode before finally making a transition back to the energetically allowed

first transverse mode. There will therefore be a pole of the S-matrix, at

a complex value of the longitudinal momentum a,, which corresponds to

Bayman and Mehoke [96] studied the properties of quasi-bound resonances in a

2-D tube.
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this virtual -bound state. The long time delay will mean a small resonance

width. Since the first transverse mode is an open channel, this quasi-bound
resonance pole will appear on an unphysical Riemann sheet of the complex
k-plane. A detailed discussion of the properties of resonance poles can be

found in Newton's book on scattering theory [93].
The quasi-bound state resonance produces a rapid change in the sym-

metric S-matrix element Sisi. This manifests itself as a zero in the transmis-

sion coefficient T11 just below the opening of the second c,hannel. In two-

dimensional tubes, a quasi-bound state will appear as a deep minimum in

the transmission coefficient for each open channel just below the opening of

a new transverse channel. For waves in tubes, this is the analog of the highly
inelastic multi-channel resonances, familiar in nuclear and particle physics,
which show up as nearly total destructive interference. For example, in 7r +,7r

S-wave elastic scattering, there is a sudden drop in the cross section just
below KE threshold due to a virtual bound state resonance, the ao, in the

latter channel [97].
Lin and Jaffe [98] explained why these states always appear as destruc-

tive resonances in symmetric curved tubes, and why the resulting minimum
in the transmission is nearly zero. Consider an energy which is slightly below
the opening of the second transverse channel. In this region, the transmission

amplitude T11 for a simple curved tube will generally be large, with mag-

nitude close to one. The attractive potential resulting from the bend will

produce a quasi-bound state just below the second transverse mode. This

quasi-bound state appears as a pole in the symmetric S-matrix, and hence

in the transmission amplitude T11, at a complex value of the longitudinal
momentum al = q, + i-yi. As we will see, the quantity -yl gives a measure

of the width of the resonance as a function of energy; as -y, gets smaller,
the ensuing resonance becomes progressively sharper. The real part q, of the

pole position gives the point of maximum change in the transmission coeffi-

cient. The quasi-bound resonance occurs just below the opening of the second

transverse mode k - 27r, which from (2.3) means that q,   V3-7r.
In the vicinity of this pole, the scattering amplitude in channel 1 can then

be written

a, - q, + i-yj
7-11(al)lk-2-7r 1  - + fb(al) (3.23)

2 (a, - q, - i-/,)

where fb(al) in (3.23) is a background term which varies smoothly over

the resonance region. Equation (3.23) shows that for any symmetric curved

tube which has an effective attractive potential arising the higher modes, the

quasi-bound state pole in the S-matrix will produce an anticlockwise circular

rotation in the transmission amplitude T11 with a radius of 1/2, shortly below
the second channel threshold 2. The extent of the rotation and its speed will

The resonant behavior in the T matrix becomes apparent in an Argand diagram,
where one plots the Real part of the transmission amplitude vs. the imaginary
part. In Sect. 5.1.3, the transmission amplitude for a tube with constant width
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depend on the effective (quasi)binding, which is proportional to the square

of -yl, the coupling of this state to the lowest channel. The precise behavior

of the transmission amplitude will depend on the binding energy and width,
relative to the location of the second channel threshold. For example, if the

resonance width -yl is sufficiently small, the transmission amplitude will ex-

hibit an extremely rapid energy dependence. T11 will move through almost a

complete counterclockwise circle of radius 1/2 just below the second channel

threshold. Since by unitarity the magnitude of the transmission amplitude
cannot exceed one, the magnitude of the transmission has to decrease, re-

quiring that the quasi-bound state appear as a destructive resonance.

Consider a hypothetical case where there is zero reflection at energies

just below the quasi-bound resonance, i.e., JT111 = 1, and assume also that

-(l is sufficiently small that the transmission amplitude undergoes almost

a complete counterclockwise rotation of radius 1/2 as governed by (3.23).
Unitarity requires that the transmission amplitude can never move outside a

circle of unit magnitude. In order to avoid violating unitarity, T11 must move

so that the quasi-bound resonance circle is tangent to the unitarity circle. In

this case, the transmission amplitude (a circle of radius 1/2 tangent to the

unit circle) has to pass exactly through zero.

In order that the transmission amplitude from the quasi-bound resonance

pass exactly through zero, it was necessary to assume that the transmission

amplitude was right on the unitarity circle at energies below the resonance,

and any energy dependence of the background term had to be neglected.
In general, these conditions are not satisfied, so T11 does not have to vanish

identically. Nevertheless, in many situations involving a two-dimensional tube

with an effective attractive potential (arising from a bend or cavity), these

conditions will be approximately satisfied, and the scattering amplitude will

become very small at energies just below the opening of the second transverse

channel.

If the quasi-bound state has a stronger coupling to the lowest transverse

mode, i.e. a larger value of -yl in (3.23), then the transmission amplitude will

not vary as rapidly with energy. In this case Ell may not move in a complete
resonant circle before the second transverse mode opens up. Alternatively,
the background term fb(al) in (3.23) may vary substantially across the res-

onance. This is the case for the L-shaped tube. As can be seen from Fig. 3.1,

the zero in the transmission probability T, occurs fairly far below the second

channel threshold, and T, does not vary particularly rapidly with energy,

because the resonance width is rather large for this geometry.

We have shown that the transmission amplitude will exhibit a sharp dip
for energies just below the opening of the second tranvserse channel. Similar

behavior will occur at energies just below the opening of each subsequent

transverse channel, where a quasi-bound state will app ar as a destructive

and a circular bend is reviewed in detail. The quasi-bound state can be seen

clearly in Fig. 5.8.
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resonance. The transmission amplitude for each open channel will decrease

sharply, as that amplitude undergoes an anticlockwise rotation in (approxi-
mately) a circular motion. For higher channels, however, the presence of more

than one open mode means that the transmission amplitude does not have to

go almost through zero. Otherwise the behavior will be qualitatively similar

to that seen just below the threshold for the second transverse mode.

The destructive quasi-bound resonance will appear in theoretical calcu-

lations of transmission through a single circular bend, in Sect. 5.1.3; in this

case the resulting resonance is extremely narrow. This very rapid decrease of

the transmission amplitude just below each transverse mode is characteris-

tic of theoretical calculations of transmission through a curved channel. The

Landauer formula, which will be introduced in Sect. 3.4, relates the electron

conductance in quantum heterostructures to the transmission amplitudes.
These quasi-bound resonances should appear as sharp minima in the elec-

tron conductance just before a transverse mode opens up. The decrease can

occur over such a small energy region that it may be impossible to observe in

quantum heterostructures, with the relatively poor energy resolution avail-
3able in those systems .

In Sect. 4.3.2 we will demonstrate that microwave

measurements in waveguides show evidence for this dramatic decrease in the

transmission coefficient just below the threshold for a new transverse mode.

3.2 Transmission and Quantum Probability Flow

Lent [991 pointed out that plots of the probability current density gave-useful

insight into the physics of particle transmission through curved tubes. This

was also studied for various geometries by Berggren and collaborators [100,
101, 102, 103, 104], and by Wu and Sprung [105]. The probability current can

be related to quantum probability flow, so consideration of this quantity can

provide a useful qualitative picture of the motion of quantum particles in two-

dimensional tubes. Wu and Sprung [105] pointed out that the relevant physics
could be clarified using the quantum mechanical formulation emphasized by
Bohm [106, 107]. Their arguments are reviewed in this section.

The motion of particles in a two-dimensional tube can described by the

time-independent Schr6dinger equation with a real scalar potential V,

h2V2
_-7-

4'M
.
0(r) + V(r)o(r) = Eo(r) (3.24)

The results quoted here will be only true in the case of a scalar potential;
in the presence of a vector potential A, the resulting probability flow will be

It will be demonstrated that sharp structure in the cond'uctance also disappears
with increasing electron temperature. The curves shown in Sect. 5.1.3 are appro-

priate for zero temperature electrons.
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qualitatively different. The wave function O(r) in (3.24) can be written in

terms of two real quantities, the magnitude R and phase S defined by

O(r) = R(r) exp(iS(r)/11) . (3.25)

Inserting (3.25) into (3.24) gives two equations, for the real and imaginary

parts respectively,

E M*v2
+ V

h2 V2R

2 2m* R

V.j==O ,
where

j R2V
h
Wvo - V)VO*l

2im*

V

VS
(3.26)

M*

In Bohm's formulation of quantum mechanics, the Schr6dinger equation

(3.24) is rewritten to resemble a classical fluid flow problem, in (3.26). The

particle moves in the external potential V plus what is called the "quantum

potential"
jj2 V2 R(r)

Q(r) = -- (3.27)
2m* R(r)

In analyzing quantum mechanical scattering, physicists tend to concentrate

their attention on the properties of R(r), the norm of the wave function. Plots

of the probability density emphasize the wave aspects of quantum mechanical

systems, since the zeroes and the period of JR(r) 12 reflect the wave nature of

the system. The probability current j is more sensitive to the particle nature

of quantum transport, and it was this aspect of quantum mechanical systems
which was stressed by Bohm [106, 107].

For the time-independent Schr6dinger problem the current conservation

equation requires that the divergence of the probability current j vanish.

The stream lines of the probability flow are lines tangent to j. Since for a

scalar potential V the velocity v is proportional to the gradient of S, v is

normally irrotational. The only exceptions are nodes of the wave function, i.e.

points where R(r) = 0, where S does not have continuous second derivatives.

Therefore, it is possible to form vortices centered at the nodes of the wave

function. This was first pointed out by Dirac [108], and was later discussed

by Hirschfelder [109].
Vortex formation in tubes is often associated with standing waves, since

standing waves possess a regularly-spaced series of wave function zeroes. Vor-

tices can then form around the zeroes of the wave function. Also, a standing
wave is formed from equal amplitude waves traveling in both directions, there-

fore one can imagine equal flow of probability current in both directions, as

can be seen for flow around a single vortex. By expanding about a point
where R = 0, it can be shown that in the vicinity of wave function nodes,
the quantum potential Q for a two dimensional system has the form [105]
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Q(r, 0) oc
f ( O ) (3.28)
r2

*

It follows that the stream lines around a "quantum vortei' form circles for

sufficiently small r. In addition, the change of S around a vortex is quantized,
i.e. for a closed path around a single vortex

4
,

'AS = i m*v - dr = h (3.29)

Fig. 3.2. Velocity stream lines around a node of the quantum probability current.

The stream lines form hyperbolae, with the asymptotes meeting at right angles

In addition to the vortices, other significant points in the quantum prob-

ability flow are the velocity nodes, points where v = 0. If the equation of

motion

,m*
d v

= _V(V + Q) (3.30)
dt

is expanded about a fixed point, it can be shown that the resulting stream

lines around the fixed point are hyperbolae whose asymptotes form right

angles [105]. Since stream lines do not cross, the stream lines around a fixed

point are shown schematically in Fig. 3.2. Flow which approaches a fixed

point in the direction of one axis separates into two streams which depart

along opposite directions. Thus the fixed points separate different regions of

flow.

The flow of quantum probability current in a curved tube can then be

classified into three different types. First are stream -lines which come from

infinity, and either pass through the tube or are reflected back. If the stream

lines are traced back in the direction of the incident flux, the former give rise

to the transmitted flux, and the latter the reflected flux. The second type are

closed lines. These must enclose at least one vortex. The third class consists

4 (3.29) assumes that the wave function has a simple zero at the point in question.
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of lines which connect hyperbolic points; these lines form boundaries between

different, regions of -flow.,
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Fig. 3.3. Schematic picture of stream lines of the quantum probability current j
of (3.26), for the L-shaped tube of Fig. 2.3a. The magnitude and direction of the

arrows show the relative magnitude of j. Wave number k = 1.35,7r, corresponding to

the peak in transmission probability Tj of Fig. 3.1. The probability flow is laminar

at this energy

Using the L-shaped tube as an example, we will show how analysis of the

probability current density j can provide a clear qualitative picture of the

mechanism for transport of quantum particles through this two-dimensional

system. Figure 3.3 plots the probability current j for a long L-shaped tube.

The direction of the arrows is the direction of j, and the relative magnitude
of the probability current is determined by the length of the arrows. The

particle is incident from the lower right of the figure, and travels around the

bend in the tube. Figure 3.3 corresponds to k = 1.35 7r. Rom Fig. 3.1, this

energy corresponds to a maximum in the transmission through the tube. The

transmitted wave function has a simple structure at this energy. The wave

function has no nodes; consequently, there are no fixed points and no vortices.
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The flow is clearly laminar, and corresponds to roughly 85% transmission

through the tube.
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Fig. 3.4. Quantum probability current j of (3.26), for the L-shaped tube of Fig.
2.3a. Wave number k = 1.877r, just below the zero in Ti (see Fig. 3.1). Large vortices

completely fill the tube, blocking the flow

Figure 3.4 plots the probability current in the L-shaped tube for k

1.87 7r, corresponding to an energy very near the zero in the transmission.

The transmission minimum occurs where a standing wave is set up in the

tube. The regularly-spaced nodes in the wave function form the centers for

a series of large vortices, which essentially fill up the space in the tube. The

fixed points can also be seen at the boundaries of the tube. As one crosses

the energy where the transmission vanishes, the direction of rotation about

each vortex changes sign. We can give a qualitative argument why the vortex

rotation should abruptly change sign across a zero in the transmission prob-

ability. There is some energy EO where the transmission amplitude vanishes.

At this energy the probability current j in the interior of the tube essentially

goes to zero. For E < EO a vortex will exist about a given wave function

node, with a quantized vorticity given by (3.29). Right at the,,energy EO the

circulation will be undefined since the probability current vanishes. The vor-
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ticity in the vicinity of this point can be represented by a step function in the

energy, with argument (E - Eo). When the energy increases and the current

is -no longer zero, the vortices will reappear and their direction of rotation

about a given zero in the wave function must therefore change sign.
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Fig. 3.5. Quantum probability current j of.(3.26), for the L-shaped tube of Fig.
2.3a. Wave number k = 2.007r, just below a maximum in Ti. Although large vortices

persist, probability can flow along a "street" surrounding the vortices.

Figure 3.5 corresponds to wave number k/ir = 2.00. Rom Fig. 3.1, this

is near a maximum in the transmission. For energy sufficiently far above

the zero in transmission, the vortices eventually disappear and the flow once

again becomes laminar. At this energy, significant vortices are still present

in the probability current. However, Fig. 3.5 shows that a "streef' is present,

which provides an allowed path for flux around the vortices. The resulting
transmission probability is substantial, T, - 60%.

Note, in the vector plots of Figs. 3.3 through 3.5 the probability currents

have been renormalized so that the lengths of the longest arrows are equal
in each figure. If we-wish to compare the absolute values of the probability
currents in these three figures, the probability current densities should be

multiplied by the respective values I :
1

: 4.
5
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Fig. 3.6. Stream lines of the quantum probability current j for the L-shaped tube,
for wave number k = 2.57r. Solid curves represent stream lines connected to nodes

in the velocity v defined in (3.26). The particle enters from the top in the lowest

transverse mode, and is transmitted to the lower right. Three vortices, separated by
two velocity nodes, form a cluster which blocks transmission through the tube. The

inset is a magnification of velocity lines around one vortex, showing the circular

nature of lines near the vortex. Rom [105]

Finally, Fig. 3.6 from Wu and Sprung [105] plots the stream lines of the

quantum probability current for the L-shaped tube, for wave number k =

2.57r.. Here the particle enters the tube from the top, in the lowest transverse

mode, and leaves at the bottom right (as opposed to the previous figures
where the direction of flow is reversed). The solid curves represent stream

lines connected to velocity nodes. At this energy six velocity nodes are present

(the nodes are centered at the closed loops in the velocity stream lines). Three
of the vortices form a cluster, separated by two velocity nodes (the points
where the velocity stream lines intersect). This cluster tends to block the

flow of probability current through the tube, and reduces the transmission

probability, which at this energy is T, = 0.264. The inset at upper right is a

magnification of the velocity stream lines in the vicinity of a single vortex.

The circular nature of the stream lines near the vortex, as  predicted from

(3.28), is evident in this case.
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In the following sections, graphs of the probability current density will

be used to provide an intuitive understanding of transmission and reflection

phenomena in 2-D systems. Minima in the transmission through curved tubes

are generally associated with substantial vortex formation in the probability
current. The ensuing large vortices fill up the space in the tube, preventing
the transmissign of flux. From unitarity, transmission minima are.necessar-

ily associated with maxima in the reflection. Reflection maxima produce the

conditions for zeroes in the wave function (equal incident and reflected am-

plitudes), and vortices can form around these zeroes. The presence of large
vortices does not always imply small transmission, as there are occasionally
cases where maxima in transmission are associated with substantial vortex

formation. This was seen in Fig. 3.5. Another example where a transmission

maximum was associated with large vortex formation was given by Lent [99].
We will encounter another such case in Sect. 5.3. The size and location of the

vortices are the crucial ingredients in determining the quantum probability
flow through the tube.

3.3 Behavior of Electrons in Quantum Heterostructures

Quantum wires are a particular type of quantum heterostructure. A het-

erostructure refers to a semiconductor composed of more than one material.

The majority of quantum wire experiments involve GaAs/AlGaAs systems.
"AlGaAs" is an acronym for the alloy Al,,Gal-,,As. Here we review their

properties and compare electron motion in these systems with our idealized

picture of 2-D motion in a tube with perfect hard walls. Detailed reviews of

the physics of quantum wires, and the behavior of electrons in these systems,

are given in the books by Datta [1] and Ferry and Goodnick [2]. The book by
Davies [11] gives a brief summary of the properties of heterostructures and

compares various methods for constructing them.

Figure 3.7a gives a schematic picture of the most common quantum wire

system, a GaAs/AlGaAs heterostructure. The source of electrons is the n-

type doped AlGaAs layer. Electrons which leave their donors and migrate
into the GaAs layer lose energy. Because of the offset in conduction bands

between the two materials, the electrons are unable to climb the energy bar-

rier and return to the AlGaAs. The positively charged donors provide an

electrostatic attractive force for the electrons. Therefore, the electrons which

have migrated into the GaAs tend to collect right at the boundary to the

AlGaAs layer.

Figure 3.7b shows the resulting conduction band profile. The plus signs
denote the doped AlGaAs layer, followed by the undoped AlGaAs spacer

layer and then the GaAs substrate. Electrons from ionized donors in the

doped AlGaAs layer transfer to the lower-energy GaAs layer. Due to the

band offset between the AlGaAs and GaAs layers, the electrons are localized

along the infinite plane formed at the interface. In this way one can create
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3.7. (a.) Schematic picture of the cross-section of a split-gate GaAs/AlGaAs9

quantum heterostructure used to produce quantum wires. Shown (from top down)
are the gate, GaAs cap layer, doped AlGaAs donor layer, undoped AlGaAs spacer

layer, 2DEG layer, and undoped GaAs substrate. (b) Conduction band profile

through the quantum heterostructure shown in (a). From left to right (top to bot-

tom) are the donor layer (pluses), spacer layer, 2DEG layer and substrate

a very narrow layer of electrons which are relatively free to move in this

plane, and which form a "two-dimensional electron gad' (2DEC). Because

the doped layer is separated from the substrate by the undoped spacer layer,
the electron scattering from impurities is greatly reduced, so that one can 

obtain very high electron mobilities (of the order of 107 CM2/V S).
.

The electrons near this interface experience an effective confining poten-

tial in the vertical direction, which is shown schematically in Fig. 3.7b. Mitin,

Kochelap and Stroscio [3] give a detailed derivation of this effective poten-
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tial for quantum heterostructures. It is possible that nearly all the electrons

will be in the same quantum state in this binding potential. In this case the

electron wave function can be separated into a confined vertical, or z depen-
dence, and free motion in the plane normal to the interface. This constitutes

the 2DEG state. To create a quantum wire, it is necessary to further restrict

the electron motion in the plane. One way to accomplish this is by depositing
a split metal gate atop the cap layer, as shown in Fig. 3.7a. Such structures

are sometimes called quantum point contacts, in analogy with earlier experi-
ments which were carried out in metallic systems [110, 111]. When the metal

electrodes are negatively biased, the 2DEG region under the electrodes is de-

pleted, as the carriers are emptied from the region. In Fig. 3.7a electrons will

be expelled from the region directly beneath the electrodes, leaving electrons

which are relatively free to move in a finite region in x and an infinite region
in y (into the page). This constitutes the quantum wire. As a general rule, the

metal gate structure runs over a small volume. Thus, in a typical quantum
wire one has a narrow "wire" underneath the split gate, connected on both

sides of the wire by a much larger 2DEG reservoir. The reservoir serves as

a source of electrons which can enter the wire from either side. In the next

section we review how the conductance in such a structure is related to the

transmission amplitudes for electron scattering.
Two-dimensional structures in semiconductors can also be grown directly

by application of etching and lithographic techniques. Structures grown in

this way can be more precisely controlled than "wires" whose width is deter-

mined by metal gates. There is a practical limit on the transverse dimensions

which can be achieved using metal gates. Also, the gates must be placed a

certain distance above the electrons, which limits the sharpness of the electro-

static potential seen by the electrons. Thus, with metal gates one necessarily
produces quantum wires with a fairly diffuse boundary. However, the meth-

ods for direct growth of wires in semiconductors are very slow processes, and

with metal gates one can produce quantum wires with much more compli-
cated geometries than with the direct growth techniques.

The calculations presented in this book assume a constant potential for

electrons inside the wire, with hard wall boundary conditions. This approx-

imation can be compared with self-consistent calculations for electrons in

GaAs quantum wires by Laux, Frank and Stern [112]; similar calculations

have also been performed by Kojima et al. [1131 and Martorell et al. [1141.
Figure 3.8 plots the self-consistent potentials vs. distance x for various bias

voltages. For relatively low voltages, the potentials look quite similar to the

hard-wall potential. They are rather constant across the wire and rise very

rapidly at the surface. As the bias voltage becomes more negative, the effec-

tive potential more closely resembles a parabolic confining potential. From

Fig. 3.8 it is clear that the effective channel width decreases as the gate bias

potential becomes more negative. In this way the width of the channel can

be controlled by varying the gate potential. In the next section it will be
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Fig. 3.8. Numerical self-consistent potential for a split-gate GaAs/AlGaAs struc-

ture, as a function of gate voltage V, from Laux et al., [112]

demonstrated that experimental measurements of conductance show quite

dramatically how variation of the gate potential changes the effective width.

Our model for electron motion in quantum heterostructures assumes hard

wall one-body potentials for electrons. It should be emphasized that it is

a dramatic oversimplification to treat electron behavior in quantum het-

erostructures as a one-body problem. The effective potential shown in Fig.
3.8 arises from self-consistent calculations which average over a very large
number of electron states. It gives the Hartree-Fock field for one additional

electron at the Fermi surface, and neglects effects of impurities which would

perturb the resulting field locally. We use the effective potential for its sim-

plicity. However, it would be a mistake to take this one-electron picture too
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seriously. In later sections we will compare qualitative results in electron het-

erostructures with states which appear in conventional waveguides, which are

systems well approximated by hard wall boundaries.

For reasons of space, we will restrict our attention to those properties of

quantum wires which have a direct analogy to electromagnetic'[EM] states in

waveguides. Consequently we will not consider those cases involving strong

magnetic fields in quantum heterostructures. Thus in this book we will not

discuss important topics such as magnetic edge states or Aharonov-Bohm

rings. Comprehensive reviews of these topics can be found in the literature

[1, 2, 5, 6, 115]. In addition, we only consider wires with two external leads

and cells of very simple geometry. Extensions to several external leads and

topologically more complicated structures have been considered by several

groups [1, 2, 73, 88, 116, 117].
In addition, we will frequently assume geometries with sharp corners,

rather than more realistic rounded shapes. This allows us to obtain analytic
results for many observables, but for geometries which differ from those in

more realistic systems. In Appendix A we review some of the qualitative dif-

ferences we expect for energies and wave functions arising from our use of

perfect hard wall boundary conditions, in contrast to various other approx-

imate boundary potentials we could use to describe the physics of electrons

in quantum wires.

3.4 Electron Conductance in Quantum Wires

The quasi-two-dimensional systems produced in quantum heterostructures

typically possess conducting surfaces in which a narrow conducting path con-

nects two reservoirs of electrons in thermal equilibrium. Each reservoir can

be described as a two-dimensional electron gas (2DEG). If a voltage bias is

produced between the reservoirs, electrons will move through the connect-

ing conductor. In such systems, electrons can enter the conducting surface

from either end. One measures the conductance as a function of the electron

temperature and external gate voltage, which controls the depth to which

electrons move along the conducting path.
Several different length scales govern the motion of electrons in these sys-

tems. The first is the electron mean free path, which is largely determined by
elastic scattering from residual impurities in the channel. The second length
scale is the phase coherence length, the length over which quantum coherence

occurs. The third length scale is the Fermi wavelength, since transport occurs

at the Fermi surface in these two-dimensional systems. In typical quantum

heterostructures, the Fermi wavelength is of the order of tens of nanometers,
which is comparable to the transverse dimensions of these systems. The mean

free path (mfp) can be two orders of magnitude larger than the transverse

dimensions of the system (the mfp is also substantially larger than the lon-
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gitudinal dimensions of the system), and the phase coherence length can be

another order of magnitude larger still.

Under these conditions, the conductance of the electrons can differ dra-

matically from the "normal" motion of electrons in a conductor. The re-

sistance does not arise from myriad electron collisions in the conductor,
but instead the wires act like electron waveguides. The factors governing
conductance in disordered systems were originally considered by Landauer

[32, 33, 118, 119], and have since been studied by many authors [70, 120, 121].
Here we give a heuristic derivation of Landauer's conductance formula for

electrons in a quantum wire. In this book we restrict our attention to sys-

tems with only two external leads, so the resulting conductance formula is

considerably simpler than the general case with many leads. A more com-

plete discussion is provided in the monographs by Datta [1] and Ferry and

Goodnick [2]. We will review the derivation given by Davies [11].
Consider a conductor connecting two 2DEG reservoirs, as shown schemat-

ically in Fig. 3.9a. The system is biased so that the left hand and right hand

contacts are at Fermi energies ILL and I-IR, respectively '. The conductor has

straight external leads normalized to unit width connecting to the 2DEG on

the left and right ends of the wire, and an arbitrary shape in the interior.

Since the width of a quantum wire is comparable to the electron de Broglie

wavelength, only a small number of transverse modes are energetically avail-

able for the electron. We first derive the Landauer formula for a system with

only a single transverse mode. We will then extend the derivation to consider

systems with several transverse modes. The conductance is given by

G =

1
(3.31)

V

where I in (3.31) is the current across the conductor and V is the applied

voltage. Since electrons can enter the conductor from the 2DEG on either side,
the current is obtained by calculating the net current arising from electrons

from either the left or right sides of the conductor. The current arising from

electrons from the left has the form

IL = 2e
dk

v(k)T(k) f(E(k), ILL)
27r

=

2e
dE T(E) f(E, AL) (3.32)

h
UL

In (3.32), the factor of 2 accounts for the two spin states of the electron.

The current density is obtained by multiplying ev(k) by the Fermi function

5
The following additional assumptions are made in deriving Landauer's formula.

First, assume zero voltage drop inside the contacts, and that the entire voltage

drop occurs at the interface between the 2DEG and the conductor. Next, make

the assumption of "reflectionless contacts," i.e., that an electron in either 2DEG

can enter the conducting lead with a negligible probability of reflection [1].
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Fig. 3.9. (a) Schematic picture of electron conductance through a (finite) quan-

tum wire. Electrons enter the wire, averaged over all incident angles, from 2DEG

reservoirs at either end of the wire. (b) Experimental temperature dependence of

the electron conductance in a quantum point contact structure, vs. gate voltage,
from van Wees et al., [122]

f(E(k), AL) which gives the probability that the given state is occupied.
This is multiplied by the probability T(k) that the incident electron will be

transmitted through the conductor. The second equation in (3.32) is obtained

by changing the integration variable from the wave number to the energy. The

quantity UL is the energy corresponding the the bottom of the conduction

band on the left side of the conductor.

The net current, obtained by summing the currents from the left and right
sides of the conductor, is given by



3.4 Electron Conductance in Quantum Wires 61

2e
I JU dE T(E) [f (E, AL) - f(E, AR)]

2e2 V 00

dE T(E) -,If) - (3.33)
h

U
( OE

In (3.33), the quantity U is the larger of the quantities UL and UR, the

energies at the bottom of the conduction band. The second equation in (3.33)
is obtained in the limit that the applied voltage V = (AL - PR)le is very

small. In this case one can expand the Fermi function to first order in a Taylor
series as a function of tL. The derivative with respect to energy E follows since

the Fermi function is a function only of E - jL. Inserting (3.33) into (3.31)
gives the relation for the conductance

2e2
00

G dE T(E) (3.34)
OE

In the limit of extremely low temperatures, the Fermi function is essen-

tially a step function. We can then replace the derivative of the Fermi function

in (3-34) by

-OfIOE J(E - p) (3.35)

where jL in (3.35) is the average of the Fermi energies AL and [IR of the

2DEG on the left and right sides of the quantum wire, respectively. The

low-temperature limit of th6 conductance is obtained by inserting (3.35) into

(3.34) to obtain

GT-O =
2e2T (3.36)
h

3.4.1 Conductance for a Many-Channel System

Equation (3.36) gives the form of the conductance for a one-dimensional sys-

tem, with a single mode and in the low-temperature limit. The conductance

is proportional to the transmission probability of the electrons. The more

common form of Landauer conductance formula [32, 33, 70] is obtained by

extending our discussion to systems which contain many modes or channels.

The transverse energy in the n
th channel is E,,. For a given total electron

energy E, those channels with E > e,, will have propagating states. Equa-

tion (3.36) can be modified to include the effects of additional channels. The

corresponding equation becomes

G
2e2

O(E -,E,,)Tn(E - E,,)
h

2
1,r 'rn 12n

n m

2

h

2

T
2e2

(3.37)T, ETt
"
T"n =

h
'I 7tT

m n
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In (3.37), T is the transmission matrix whose coefficients were defined in

(3.2), and we substitute (3.4) for the transmission probability. The sum is

over all open channels for a given electron energy.

To get a qualitative impression of the conductance in such a system, con-

sider the hypothetical case of a conductor with 100% transmission in each

open channel, and examine the behavior of the conductance as the electron

energy is varied. For electron energies below the lowest transverse channel en-

ergy E <, c 1, no channels are energetically accessible to the electrons, so the

conductance should be zero 6. Once the energy is greater than the continuum

threshold, (3.37) predicts that the conductance G will jump discontinuously
by 2e21h. G will remain constant until the electron energy passes the thresh-

old for the second transverse channel, at which time another discontinuous

jump of 2e21h will occur.

In a system with perfect transmission, the conductance for each open

mode will be governed by the quantity Go -= 2e2 1h, the "quantunf' of conduc-

tance. Expressed in units of Go, (3.37) shows that the conductance vs. elec-

tron energy (or wave number) for a zero temperature electron in a tube will

exhibit sharp "steps" of unit height every time the energy crosses the thresh-

old for a new transverse mode 7. As the energy increases between thresholds

for transverse modes, the conductance remains constant in this ideal system.
The characteristic "staircase" behavior of the conductance vs. wave number

follows because the conductance (in units of Go) jumps by one unit every

time a new channel opens up. For a tube with external leads normalized to

unit width, a channel threshold occurs whenever k = nir.

The features of sharp increase in the conductance just above transverse

channel thresholds, and some evidence of "plateaus" in the conductance be-

tween channel thresholds, are seen in both calculations and experiments for

quantum wires. However, in quantum heterostructures the physical condi-

tions differ consid,erably from our idealized picture. The electron energy (the
Fermi energy) is essentially fixed. The effective dimensions of the system can

be changed by varying the gate voltage, as described in the previous section.

In the quantum heterostructure, the conductance is typically measured for

fixed electron energy as a function of the gate voltage. Figure 3.9b shows the

experimental conductance in a quantum point contact structure, from van

Wees et al. [122], at four different electron temperatures. A quantum point
contact structure behaves like a quantum wire with a very short length. The
electrons travel through a narrow gap between two 2DEG reservoirs, where

the effective width of the gap is controlled by the bias voltage from metal

6 For the time being we neglect the possibility of sub-threshold quantum tunneling
of electrons through the conductor. This possibility will be considered later.

7
In obtaining this relation for the conductance, the potential difference between

the 2DEG reservoirs is neglected, relative to the Fermi energy; if this quantity is

not negligible, including the potential drop along a quantum wire will decrease

the magnitude of the 'steps' in conductance [123, 1241.
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gates on the surface of the heterostructure. This produces a narrow conduct-

ing path which is well approximated as a quasi-one-dimensional system.

Figure 3.9b shows the experimental conductance for four values of the

electron temperature. If one considers the lowest electron temperature, 0.3 K,
the conductance is observed to increase in regular jumps, each of magnitude
Go = 2e21h, as the gate voltage changes fro,m roughly -2.1 V to -1.6 V.

From the preceding discussion, each of these jumps occurs when the effective

width changes so that kF = n7r/W,,ff, where kF is the (fixed) electron wave

number in the 2DEG. Figure 3.9b demonstrates that the effective width is

essentially a linear function of the gate voltage. For higher electron energies
it is no l9nger accurate to neglect the form of the Fermi function, so we

must evaluate (3.34). We will discuss the temperature dependence of the

conductance in the next section.

Up to this point we have neglected the effects of reflection on the con-

ductance. For energies where N transverse channels are open, the maximum

possible value of the conductance is G,,,, = NGO = 2Ne21h. In the case of

a reflectionless wire, the conductance would jump by Go each time the en-

ergy permitted a new transverse channel to open up. The conductance would

reach a "plateau" after each new channel opened, and would then jump up-

wards by Go with the opening of each new transverse mode. In the presence

of reflection, the conductance will be smaller than the maximum permitted
amount. If the transmission amplitudes contain sharp structure, the conduc-

tance will exhibit narrow upward or downward fluctuations, superimposed on

the jumps and plateaus which occur at transverse mode thresholds. In later

sections we will try to provide simple physical pictures for the sharp structure

predicted for the transmission probabilities. One will find elastic resonances

which produce sharp conductance peaks, inelastic resonances which produce

deep minima in conductance, and for curved tubes with a "quasi-periodic"

repeated structure, allowed and forbidden "minibands" in the conductance.

The presence of electron bound states for tubes with bends or bulges can

lead to nonzero conductance below the threshold"for continuum transmission.

Here electrons quantum mechanically "tunneV through the bound state(s)
in the system. As the bound state wave function for these electrons is largest
in the bend regions, and decays exponentially in-the straight sections, this

tunneling will give rise to sharp subthreshold conductance peaks, whose prop-

erties are strongly dependent on the system geometry. For finite temperature

electrons, one averages over contributions from a range of energies near the

top of the Fermi sea. This averaging will tend to wash out the sharp features

of the conductance for zero temperature electrons, hence the sharp features

characteristic of zero temperature conductance will disappear rather rapidly
for electrons with sufficiently high temperature. This is qualitatively what is

observed in Fig. 3.9b.
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3.5 Electron Conductance

Through a Straight 2-D Channel

The previous sections reviewed the physics of quantum wires, where narrow

conducting structures connect two reservoirs of electrons, which are incident

from various directions on both sides of the wire. To calculate the conductance

one averages over all possible directions for the incident electrons, for a given
electron temperature.

In this section we calculate electron conductance in a finite-length struc-

ture. Our derivation is based on the treatment of electron conductivity in

2-D systems carried out by Kirczenow [125], and by Szafer and Stone [126].
Later Wu and collaborators [28], and Berggren, Wang and collaborators

[100, 102, 103, 104, 127, 128], also calculated conductivity in the ballistic

regime for a number of different geometries.

C 

Fig. 3.10. Conductance G, in units Go 2e21h, vs. effective channel momentum

 = kF/Ir, for straight tube shown in inset at right. Tube has width W, length 2d.

Curve a:  '=- 2d1W = 0; curve b:  '= 1; curve c:  '= 5; curve d:  '= 10. Left inset:

maxima in the v = 1 conductance plateau of curve d; arrows denote the predicted

peaks using (3.50). Figure from [125]

The simplest problem which can be considered involves the transmission of

zero-temperature electrons through a straight quantum wire of finite length,

as shown schematically in the inset at the bottom right of Fig. 3.10. Electrons

with Fermi momentum kF are incident from the 2DEG reservoir on either

side, travel through a quantum wire of width W and length 2d, and exit into

1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0
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region R. We first rescale all system lengths and momenta to dimensionless

quantities by dividing or multiplying by the channel width W, as described

in S.ect. 2.1.1. For example, the rescaled dimensionless Fermi momentum is

given by

k
2
=

2m*W2EF
(3.38)F h2

where EF is the Fermi energy of the electrons in the conducting material.

For electrons incident from the left in Fig. 3.10, the wave function in

region L has incident and reflected terms while the transmitted wave function

in region R has only outgoing,waves. Inside the channel the wave function

0C (-k -I y) is expanded in eigenfunctions On from (3. 1), giving

OL (X 7 Y) e-
ikx+iKy

+ f
+' dK'

aL,e-ikxeiKy' [x < -d]K
21r

n

iq,,x
n

-iq,,x -d:5 x :5 d, 0 :5 y :5 1],V)k'(x, y) On (y) [a,+, + a;
n

dK"
R ik"x iK"yOR(X Y) = f

+C'0

aK" e 6 [x > d] . (3.39)
27r

In (3.39), the incident wave function in region L has horizontal momentum

k and transverse momentum K.

Continuity Of Ok and 490klax at the channel boundaries gives the relations

[(Tmn.- qnJmn)a;eiqnd+ (Tmn + qm6mn)an+e-iq,,d] = 2ke-ikdom(-K)
n

n

[(Tmn qmJmn)eiq,,da+ + (Tmn + q,,,Jmn )e-iq,,da- = 0 (3.40)
n n

n

where

+00

OMM = e-iQyOn(y)dy

dK'
Tmn = - -k'Om(-K')On (K') (3.41)

Using (3.40), the coefficients a+ and a- can be calculated by truncating
n n

the infinite dimensional expansions to N basis functions'(for relatively low

electron energies, N = 10 was found to give sufficient numerical accuracy).
The conductance can be written in terms of the electron current, averaged

over all possible transverse directions for the electron. Thus one integrates

over all momenta K using the relation kF =,\/k2-+K2, to obtain

G(EF, W, T = 0) =:

2m*e kF

(Ok lix I Ok)
dK

h2 fkr, k

e
'kF dK

1
aaVJk k'ok

(3.42)
27rik

dy ('Ok aX
-'Ok

axh J-k
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Combining (3.40) and (3.42), the conductivity can be found from:

W,T
2e2 jkF n n

G(EF7 = 0) =
h

E qn(ja+ 12 - la- 12)
-

kF  n
open

+ E lqnl[(a-)*a+ - (a+)*a-]
dK

(3.43)
n closed

I k

Equation (3.43) is appropriate for zero-temperature electrons. In this case

one treats the left side of the wire in the inset to Fig. 3.10 as a reservoir of

free electrons with motion described by plane waves, filling momentum states

up to Jkl = k.F. The same is true for the conducting material on the right
side. Only the electrons at the top of the Fermi sea contribute to the current;

the electron currents from these states are summed to give the conductance

G. To include the effect of finite temperature T one sums over contributions

from a small range of energies around the top of the Fermi sea. Assume a

Fermi distribution for the electrons

f(E) = [I + exp((E - lt)IkBT)]-' (3.44)

where kB is the Boltzmann constant and p is the electron Fermi energy. The

finite T conductance is obtained by averaging the zero temperature value

over a range of energies in the vicinity of the Fermi energy,

G(I-t, W, T) = - ( df ) G(E, W, T = 0) dE,fo
"0

dE

00 e(E-[t)1kBT
-G(E W, T = 0)

-dE (3.45)= I
0 [1 + e(E-1,t)1kBT]2 kBT'

3.5.1 Qualitative Features of Conductance in a 2-D Channel

In the previous section formulas were derived for the conductance of electrons

traveling through a straight two-dimensional channel. Figure 3.10 plots the

conductance (in units of Go = 2e21h) vs. effective momentum for various

channel widths (the dimensionless effective momentum is defined as

 = kF/7r 1 (3.46)

where kF in (3.46) is given by (3.38)). The conductance was calculated by Kir-

czenow [125]. The curves labeled a, b, c, d correspond to renormalized channel

widths j'= 2d1W = 0, 1, 5, 10, respectively. There is no conductance below

the threshold 6 = 1. For a straight channel there are no bound states, and

hence no sub-threshold conductance.



3.5 Electron Conductance Through a Straight 2-D Channel 67

For d = 0, the conductance rises roughly linearly with effective momen-

tum. However, for nonzero channel width 2d, the conductance exhibits sharp

jumps of almost exactly one unit in height (expressed in units of GO) at

integer values of  . These jumps correspond to the opening of new transmis-

sion modes when the electrons have enough energy to support an additional

transverse oscillation. They can be seen in the experimental low temperature

quantum point contact conductance measurements shown in Fig. 3.9b.

For the straight channel, the origin of the "staircase" behavior of the con-

ductance is straightforward. Note from (3.43) that the conductance G(EF)
contains no contributions from coupling between modes. Because the channel

is straight, the modes do not couple. The total conductance is thus given by
a sum over individual modes, evaluated at a shifted energy, i.e.

2e2
G(E) G,, =

h
E T,, (a,,) 0(E - cn) (3.47)

n n

The quantity T,, in (3.47) is the transmission probability in the nth transverse

mode, and a,, is the longitudinal wave number in that mode,

an = V E - En =  T - (n7r)2 (3.48)

The conductance is the sum over all open modes of a series of contributions

from each separate mode. The staircase behavior in the conductance thus

results from the shifted energy for each mode (given in (3.48)), and the lack

of interference between different transverse modes [79]. In order to produce
more structure in the conductance, one requires coupling between the various

modes, and one.way to accomplish this is to have bends or cavities in the

channel.

The other striking feature of zero temperature conductance through a

straight channel is the occurrence of very sharp maxima and minima at cer-

tain energies. For small values of d (e.g., curve b in Fig. 3.10), there are

relatively few maxima. The conductance rises rather sharply as each trans-

verse channel opens, and rapidly reaches a fairly constant plateau until the

next transverse channel opens. This is similar to the low-temperature conduc-

tance shown in Fig. 3.9b, which was obtained with "quantum point contacts,"
which are quantum wires of extremely short length. Thus quantum point con-

tacts possess well defined conductance plateaus, but they do not show any

evidence for other sharp structure in the conductance. However, for large val-

ues of d, there are a series of very sharp minima and maxima in conductance,

as the overall value of the conductance rises to each plateau. In curve c of

Fig. 3.10, as the integer v representing the transverse channel increases, the

number of sharp maxima in that plateau increases.

The upper left inset- of Fig. 3.10 shows 17 maxima in the first (v = 1)
conductance plateau for the case j'= 10. These maxima are the analog of

acoustic resonances in an organ pipe open at both ends. In an organ pipe of
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length L and sound velocity v, resonances will occur for sound of frequency
fj = jvl2L for any integer j 8. Analogously, for transmission through the

straight channel of Fig. 3.10, a maximum in the conductance will occur when-

ever the longitudinal momentum obeys the condition kj = j7r/2d. The ar-

rows show the maxima predicted by Kirczenow [125]. He included an effective

channel length

deff = d-y (3.49)

with -y in (3.49) an adjustable parameter. This accounts for end effects, well

known in acoustics, which can make the effective length differ from the actual

length of the channel. An excellent fit to the position of all maxima in Fig.
3.10 was obtained for -y = 1.044.

Expressed in terms of the dimensionless momentum  of (3.46), the con-

ductance should reach a maximum for all   ,j obeying the relation

 .j =  n2 + (3.50)Y'Y'Y

where j and n take on all possible integer values. This is the condition for the

jth longitudinal standing wave, when the wave passing through the channel

has n transverse oscillations. For the Vth conductance plateau one has 1 <

n < v. For a given n, maxima occur when j takes on integer values bounded

by

d-yVIV2 - n2 < j <  7V(V + 1)2 - n2 (3.51)

It is straightforward to show that as v increases, the number of maxima in

that plateau increases. For the case shown in Fig. 3.10 (v = n = 1,  y =
10.44), (3.51) predicts there should be 17 maxima in the first plateau. With

a single adjustable parameter -y, one obtains remarkably good agreement with

the calculated maxima in the conductance.

The preceding discussion is valid for zero temperature electrons. Figure
3.11 shows the expected temperature dependence of the conductance. For

this case, Kirczenow [125] kept EF and d fixed but varied the width W of the

channel. He chose d= 5 when the Fermi level was at the bottom of the n = 11

sub-band. Figure 3.11 shows the v = 3 plateau, for three temperatures. For

T = 0, the very sharp maxima in the conductance are observed just after

the opening of the third transverse channel. For temperature Ulp = 0.001,
the magnitude of the maxima are greatly reduced near channel threshold,
but the conductance closely resembles the T = 0 result at the top of the

plateau. When kTIM > 0.005, the oscillations in the conductance have com-

plely disappeared; only the average slope of the conductance is observed.

This is essentially what is seen experimentally in Fig. 3.9b, where the sharp

Although acoustic waves obey Neumann boundary conditions, as opposed to

Dirichlet conditions in our tubes, in both cases resonances arise when integer
numbers of half waves can be accommodated within the tube.
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Fig. 3.11. Temperature dependence of conductance vs. the effective channel mo-

mentum  , for the straight tube shown in the right inset of Fig. 3.10. The V = 3

conductance plateau is shown at three different electron temperatures. Rom [125]

structure in the conductance becomes rounded and finally disappears as the

electron temperature increases.,

Figure 3.12 plots the theoretical conductance, in units of 2e2/h, for zero

temperature electrons in an L-shaped tube with unit width and external leads

of length three. As discussed in. Sect. 2.1.5, the L-shaped tube has a bound

state, so the conductance exhibits a sharp peak just below the threshold

for conductance k/7r = 1. Since the bound state wave function decreases

exponentially in the external leads, this peak is very sensitive to the length
of the leads. As this length increases, the subthreshold conductance peak
becomes extremely narrow. In experiments, unless the external leads of a

curved tube are quite short, it is likely that the resulting conductance peak
due to a bound state will be so sharp that,it cannot be observed.

There is a minimum in the conductance just below the opening of each

new transverse channel at k/7r = N. This results from the destructive quasi-
bound resonances which were discussed in the preceding chapter. Sharp jumps
in conductance are observed after each new transverse channel opens up. The

resulting "plateaus" do not jump by integer values of Go, because there is

quite a bit of reflection due to the sharp bend in the channel. Finally, narrow

maxima are seen in the conductance at certain values of the channel wave

number. These maxima are the analog of the "organ-pipe" resonances seen
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Fig. 3.12. Theoretical conductance G in units Go = 2e21h vs. the effective momen-

tum k/7r for an L-shaped tube of unit width and legs of length 3. The subthreshold

peak in G is due to- the bound state in the tube. The zero in G at k/7r = 1.88 results

from destructive interference from a quasi-bound resonance

so dramatically in the straight channel. They occur at momenta where the

tube can accommodate an integer number of standing waves.

In Chap. 5 and 6, the conductance will be studied for tubes with more

complicated geometries. First, conductance will be investigated in tubes con-

taining single "cells" (bends or cavities) of various types, and later in systems
made up of a series of identical cells.



4. Waveguide Measurements of the Properties
of Curved Tubes

Until now our attention has been focused on the properties of particles moving
in curved 2-D tubes. In Chap. 2 it was proved that a broad category of curved

tubes with hard walls must possess at least one bound state. This includes

any tube with either a bulge or (for a tube of constant width) a bend. As the

conditions for the existence of a bound state were proved relatively recently,
the location and properties of these confined or "trapped'. modes is a subject
of considerable interest. As was discussed, such trapped modes should appear

in any two-dimensional wave system with this geometry, which satisfies the

Helmholtz equation with Dirichlet boundary conditions. These include elastic

waves on a membrane with fixed boundaries, TE,,O electromagnetic waves

with. conducting boundaries, and low-energy quantum particles in narrow

channels with high transverse barriers.

Experimental techniques have been developed which enable the bound

states in quantum heterostructures to be located and studied [65, 66]. Such

techniques require extremely precise measurements in nanometer-scale de-

vices. However, there is an alternative way to identify and measure these

bound states. This makes use of the one-to-one correspondence between con-

fined TE modes in curved waveguides, and bound states in hard wall tubes

of similar shape. There are two interesting consequences of the relationship
between hard wall tubes and waveguides. First, as was pointed out by Exner

and Seba [37], the presence of bound states for electrons in curved tubes im-

plies the existence of confined modes in curved electromagnetic waveguides.

Second, as will be demonstrated, the use of waveguide structures allows these

states to be studied in "table-top" experiments using microwave cavities. Such

experiments on curved waveguides can demonstrate the presence of confined

sub-cutoff EM modes; they can also predict the structure of bound state

wave functions for electrons in curved quantum heterostructures with similar

geometries.
In Sect. 4.1 we review the analogy between EM modes in waveguides and

states in 2-D tubes. Section 4.2 describes how electromagnetic energy densi-

ties can be mapped out by moving a small metal sphere inside a waveguide.
The energy densities are directly related to the electron bound state wave

functions and their gradients. Section 4.3 discusses experimental properties
of the waveguides and microwave measuring apparaus, which were used to

ute
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locate and map out the confined modes. Further details of waveguide exper-

iments will be provided in later chapters.

4.1 EM Fields in Thin Resonating Cavities

Here we review briefly the equations satisfied by electromagnetic fields in-

side a resonating cavity. More details can be found in Jackson's text on

classical electrodynamics [129]. Consider a thin cavity with conducting walls

constructed so that the height h (measured along the z direction) is small

compared with any important dimension of the base shape, a 2-dimensional

surface in the x - y plane. The EM fields inside the cavity satisfy Maxwell's

equations: in vacuum

I aB
VxE =--- = i-B

C Ot C

2

_V2-V x B E 2E (4.1)
C C

where both E and B in (4.1) are divergenceless. The E and B fields in

the interior are harmonic in time with angular frequency w. The boundary
condition requires that Ell and B-L be continuous at the conducting walls.

The requirement that Bz vanish at z = 0 and z = h insures that the

lowest frequency state has B, = 0. The lowest energy state in a thin cavity

will be a TE mode where the E field has only a z component, which requires

that Bz = 0. So

E = E, (x, y, z)e-'wt , (4.2)

where the EM fields are given by the real part of the complex expressions.

Since E has only a z component, which in the lowest TE mode has no z

dependence, then Maxwell's equations for this mode can be written

192 92 W2

) E,(X, Y) = 0
 TX2

+
  y2

+
 T2 -

(4.3)

where E,, (x, y) is required to vanish at the lateral boundaries of the waveg-

uide. By inspection, E, of (4.3) and the wave function 0 of the related quan-

tum mechanical problem for the curved tube (2. 1) satisfy the same differential

equation and boundary conditions. Let a curved tube in the x - y plane have

an outer boundary defined by a curve S. Construct a rectangular waveguide

by raising the boundary curve S upward in the z direction. If the curved tube

possesses a bound state with energy E = k2 and wave function '0 (x, y), then

the waveguide will have a confined TE mode below the cutoff frequency. The

frequency of the confined mode and the electric field E,, (x, y) are related to

the corresponding quantities in the tube by
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k2 = W2/C2

E_ (x, y) cx 0 (x, y) . (4.4)

The electric field E, for the confined EM mode will be identical to the bound

state wave function 0, to within an overall constant. These confined electro-

magnetic modes in curved waveguides were predicted in 1990 by Exner and

Seba [37], and were measured by Carini et al [21, 22]. Before this time, to the

best of our knowledge, scientists were unaware of the existence of sub-cutoff

confined modes in curved waveguidesi.

4.2 Mapping EM Energy Densities

in Waveguide Cavities

The following section reviews the procedures for constructing curved waveg-

uides and locating their confined modes. The waveguides used were con-

structed with a height of a few cm, for which the resonant frequencies are in

the GHz range, appropriate for microwave measurements. To locate confined

EM modes, microwave power was sent into the waveguides through coaxial

lines, and the ratio of reflected power to incident power was measured as the

microwave frequency was varied. A bound state appears as a sharp decrease

in reflected power below the waveguide cutoff frequency.
Once the confined mode frequency is determined, the electromagnetic

energy density distribution for the confined mode can be mapped out using
the cavity perturbation method originally introduced by Maier and Slater

[130], and later reviewed by Amato and Herrmann [131]. This method makes

use of the fact that at resonance in a cavity, the time-averaged electric and

magnetic field energy are equal. Inserting a small object (such as a metal ball)
into the cavity will make these energies unequal. The resonant frequency shifts

to a new value to equalize the field energies. For small shifts, the change in

the resonant frequency is proportional to the product of the volume of the

ball times a function of the difference between U,1,0 and U.,,.,g,o, the electric

and magnetic field densities for the unperturbed bound state, at the location

of the ball. We review briefly the relation between the resonant frequency
shift and the EM energy densities.

The cavity resonator is equivalent to an LC circuit, and hence has a

resonant frequency
2

f6
(4jr2LC)

(4.5)

At resonance equal amounts of energy are stored in the electric and magnetic
fields

,

In Chap. 2 it was proved that either bulges or bends could produce bound states

in a tube. It was well known that a bulge in a waveguide would support a confined

mode (34], but it was apparently not realized that bending alone would produce
a stable confined EM mode.
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U.1,0 = U ..g,o (4.6)

Perturbations in the fields caused by the steel ball will change the resonant

frequency fo, since the steel ball changes the effective L and C of the cavity.

It can be shown that the resulting change in fo has the form

,e_ Afo I dQ,
-

'1 1 dUIag
(4.7)

fo 2 Uej 2 Uinag

The electric field energy shift dUl is obtained from the energy shift for a

conducting sphere of radius r placed in an (initially) uniform electric field (Eq.
(4.93) in [1291). The magnetic energy shift is obtained from the magnetization
for a sphere in a constant magnetic field 2(Eq. (5.150) in [129]). The resulting
electric and magnetic energy shifts have the form

1
3 2

dUej = -

2
r E

1
3 2

dU,,,ag = -

4
r B (4.8)

Here, E and B stand for the root-mean-square values of the electric and

magnetic fields.

Inserting the energy shifts of (4.8) into (4.7) and renormalizing to the

total energy in the cavity gives the relation

,6fo r3
E2 _

B2

(4.9)
fo 2UT,,t [ 2

where UTt is the total energy of the electromagnetic field. The square of the

B field can be obtained from Maxwell's equations, (4.1),

IB 12 ==

C2
IV x E12 IVE, 12 (4.10)T2

From the preceding discussion, the quantum mechanical bound state wave

function O(x, y) in a 2-D tube is proportional to E_. (x, y) of the standing
EM wave. Using the normalization ofO and the relation between E2 and the

energy density of the cavity one can show that they are related by:

2 Dw2
2

1 01
47rUT,,tE (4.11)

where D and w are respectively the depth and width of the waveguide. There-

fore the fractional change in resonant frequency Afolfo, which occurs when

a metal ball is placed at a point inside the waveguide, is related to the bound

state wave function and its gradient at that point through

2
Equation (4.8) for the magnetic energy shift is valid when the EM'field oscillates

sufficiently rapidly, as is true for GHz frequency microwaves in a waveguide.
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zAfo r
3

coE
2
_

C
2

IVE 12TW2fo "iUTt I I
27rr3

COIO(X,Y)12_
1

IVO(X,Y)12 (4.12)
DW2 I 2k2

The relation (4.12) shows how the EM energy densities can be mapped
out by measuring the position dependence of resonant frequency shifts ob-

tained when, a small metal ball is moved through the waveguide. Resonant

frequency shifts will be negative (positive) where the electric field (magnetic
field) is large. Regions of the waveguide with the largest electric field values

will produce the most negative frequency shifts, and conversely the most pos-

itive frequency shifts will denote regions where the magnetic field density is

greatest.
In (4.12), since the conducting sphere is in contact with the lower con-

ducting surface of the waveguide, the initial expression dUej = -r3E02/2 of

(4.8) is a poor approximation for'the electric energy shift. In Appendix B it is

shown that an improved induced dipole calculation gives the electric energy

shift a multiplicative factor

co = 2((3)   2.404 (4.13)

where ((n) in (4.13) is the Riemann Zeta function of argument n (Chap. 23

of [132]), and the factor co has been incorporated in (4.12).

4.3 Microwave Measurements with Curved Waveguides

This section describes the experimental features of the curved waveguides
which were constructed for microwave experiments. Additional details can

be found -in [21, 22, 133]. The width and depth of the waveguides were cho-

sen to produce a cutoff frequency for the lowest TE10 mode (determined by
the waveguide width w) which was accessible with conventional network an-

alyzers, and also well separated from the cutoff frequency for the TED, mode

(governed by the waveguide depth D). The experiments discussed here used

waveguides of width w 1.905 cm (3/4"), which gives a cutoff frequency of

c/(2w) = 7.87 GHz for the TEIO mode, and waveguide depth D = 0.635 cm

(1/4"), for which the TEO, cutoff frequency is cl(2D) = 23.61 GHz.

Figure 4.1 shows waveguide sections which were used in a study of prop-

erties in a tube with a single sharp bend [21, 22]. The waveguide is formed

from parallel aluminum bars held between two large aluminum plates (not
shown). Both the inner and outer bars could be moved to change the angle
of the bend, which for this structure could be varied from roughly 60' to

120'. Results of experiments carried out with this system are described in

the following section and in Sect. 5.2.

In addition to waveguides with single bends, waveguides with multiple
bends were also studied. An example of this second type is shown in.the
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Fig. 4.1. Inset: top view of geometry for waveguide sections, formed from parallel
aluminum bars held between two large aluminum plates (not shown). "x" marks

the location of a coaxial conductor through which microwaves were radiated into

the waveguide. Data: measured ratio of reflected power to incident power, as a

function of the incident frequency in GHz, for 90' waveguide bend. Arrows denote

frequencies of the confined mode fres and cutoff f,... Data from [21]

inset to Fig. 5.30 (this is the first color plate). This is a tunable double-ben4
waveguide designed by Yung et al. [133, 134]. Two identicaL aluminum plates
were constructed, each having the shape shown as the upper plate in the inset

to Fig. 5.30. The shaded section is raised, with the remainder of the plate cut

to Ia depth of 1/4". When two identical plates were assembled as shown (the
lower graph in the inset to Fig. 5.30), this produced a double-bend waveguide
where the aspect ratio (the distance between bends) was continuously variable

by sliding the plates relative to each other. An aluminum plate was placed

atop the structure and the system was clamped together. Experiments carried

out with this system are reviewed in the following section and also in Sect.

5.4.

4.3.1 Confined Mode Studies in Waveguides,

Microwave transmission was used to locate confined or trapped sub-cutoff

modes in curved waveguides, which are the analog of bound states in curved

tubes. Microwaves were radiated into the structure from an antenna placed



4.3 Microwave Measurements with Curved Waveguides 77

through holes in the waveguide walls near the bend region. The antenna con-

sisted of the protruding center conductor of a semi-rigid coaxial cable., which

was either straight (oriented parallel to the polarization of the ac electric

field in the waveguide and located toward the center of the waveguide), or

looped (oriented perpendicular to the polarization of the ac magnetic field in

the waveguide and located toward the edge of the waveguide).
With a single antenna'and for frequencies close to the confined mode,

the equivalent microwave circuit is a transmission line terminated by a res-

onator coupled through a variable capacitance or inductance. This is shown

schematically in Fig. 4.1. The position marked "x" shows the location where

a coaxial line with a protruding center conductor was inserted through a hole

in the top aluminum plate. When power was sent toward the antenna and the

reflected power was measured, nearly 100% of the power was reflected except

at resonance, where a sharp dip in the reflected power'occurred. In Fig. 4.1,
the resonant frequency is labeled fres, where a dramatic dip is seen in the

fraction of reflected power. The cutoff frequency fc. marks the onset of the

continuum for transmission through the straight sections of the waveguide.
In the limit of vanishing coupling, the frequency of the sub-cutoff confined

EM mode (which corresponds to the bound state ina curved tube) equals
the frequency of the dip.

Experiment and theory were compared using the dimensionless ratio be-

tween the confined mode frequency and the cutoff frequency for the straight

waveguide sections. The TE10 cutoff frequency was determined experimen-

tally by turning a portion of the straight section into a transmission line res-

onator with a length L and measuring the first few standing wave resonant

frequencies for the TE,,,p modes with m = 1 and n = 0, f(m = 1, n = 0, p).
The measured frequencies were fit to the rectangular cavity formula

f2(M = 1, n =: 0, p) = _12. (m = 1, n = 0) +P2 (
C )2 (4.14)f

I. 2L

and the cut-off frequency was extracted as the intercept of a linear fit.

The electromagnetic energy distribution was mapped out by inserting a

small metal sphere inside the waveguide, and measuring the resonant fre-

quency shift, using (4.12). Note that placing the ball in a region of large
electric field density decreases the resonant frequency, while inserting it in

a region of relatively large magnetic field density increases the resonant fre-

quency. In Appendix B it. is demonstrated that a single metal surface in

contact with the ball will increase the magnitude of the frequency shift due

to the electric field energy, by the factor co of (4.13). The precise coefficient

depends on the ratio of the size of the ball to the height of the waveguide.
The quantity co was treated as a variable parameter which was initially set

at 2.40, and then varied slightly to best fit the observed resonant frequency
shifts.

Sridhar [135] adapted the perturbation method into a powerful field-

mapping technique. The steel ball can be manipulated through the top plate



78 4. Waveguide Measurements

using a strong magnet. By moving the ball between points on a grid and

measuring the resulting frequency shift, the energy density can be mapped
out with a spatial resolution of about I mm. Using Sridhar's method, several

experiments have mapped out the electromagnetic energy density in waveg-

uide structures with one or more bound states [21, 22, 133, 134]. Figure 5.30

compares an experiment which measured the frequency shift as a function

of ball position within a double7bend waveguide structure, with a theoretical

calculation for the frequency shift using (4.12). Red represents regions of neg-

ative frequency shift (where the electric field energy is relatively large), while

blue represents regions of positive frequency shift (with large magnetic field

energy). The most negative frequency shift measured was -152 MHz (theory
predicted -127 MHz using the enhancement factor co = 2.46, as mentioned

above) while the most positive frequency shift measured was 34 MHz (theory
predicted 23 MHz, although errors due to the uncertainty in the position of

the ball become very great close to the inner corners, where the magnetic
field strength diverges).

The contours are scaled exactly the same way in each graph, which demon-

strates good overall agreement between theory (Fig. 5.30a) and experiment

(Fig. 5.30b) where the total field energy is largest (close to the bend region).
Away from the bend region, the electromagnetic field energy becomes much

smaller (it decreases exponentially along the straight sections of the waveg-

uide), so experimental uncertainties become relatively greater. This is most

noticeable along the side walls of the waveguide away from the bend.

4.3.2 Waveguide Experiments
Above the Lowest Cutoff Frequency

Experiments in the frequency range above the lowest cutoff frequency primar-

ily focus on studies of the transmission of waves through waveguide struc-

tures. There are two principal approaches, shown schematically in Fig. 3.9a

and the inset to Fig. 4.2. In quantum heterostructures, finite structures typi-

cally connect two electron gases. Electrons are incident from all directions on

both sides of the structure, and the conductance of the structure depends on

the transmission coefficient for the electrons averaged over all directions, as

is depicted in Fig. 3.9a. It is difficult to mimic this technique in microwave

experiments, where one would need to measure the transmission coefficient

from every possible pair of angles for the incoming and outgoing waves. The

second approach measures point-to-point transmission in a structure, which

is easy to accomplish with microwaves, since they can be introduced through
small holes in the structure, but difficult with electrons in quantum wires. In

the point-to-point method, shown schematically in the inset to Fig. 4.2, mi-

crowaves are radiated in all directions within the structure, which simulates

the averaging over incident directions that occurs in electronic structures.

Both approaches can yield information about the effect of the geometry of

the tube on the transmission of waves.
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Fig. 4.2. [Inset: schematic illustration of transmission through curved waveguide.
This illustrates point-to-point transmission through a waveguide, when the signal
is inserted at a single point within the waveguide. Contrast with Fig. 3.9a, which

shows conductance of electrons through a curved quantum wire connecting two

2DEG reservoirs.] 1ransmission of microwaves through a double-bend waveguide
structure shown in inset to Fig. 5.30. Total transmission probability ITI through
waveguide, vs. microwave frequency in GHz. Waveguide aspect ratio was R = 6.0

and nominal cutoff frequency was f,-. = 7.87 GHz. Two sharp peaks below cutoff

frequency represent the two subthreshold confined modes. The deep minimum at

about 15 GHz is caused by the quasi-bound destructive resonance

Figure 4.2 shows the results of a transmission experiment through a double

bend structure [136]. The transmission is negligible below the lowest cutoff

frequency (nominally 7.87 GHz) except at the frequencies of the confined EM

modes, i. e. the bound state frequencies. Other features include the abrupt dip
in transmission immediately below the TE20 cutoff frequency. This is the deep
minimum seen at about 15 GHz. It is associated with the destructive "quasi-
bound" resonance which was discussed in Sect. 3. L L The other noteworthy
feature of the measured transmission is the sharp oscillations caused by the

formation of standing waves in the central section of the structure. These

are analogous to the "organ-pipe" resonances described in Sect. 3.5.1. All of
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these features of transmission through curved tubes will be encountered in

later seqtions of this review.



5. Binding and Transmission

in Wires and Waveguides

In this chapter we will review bound state and transmission properties in

wires and waveguides. For simplicity, we will restrict ourselves to the study of

systems with very simple geometries. Thus, our focus will be on the properties
of tubes with two straight external leads connected to one or a series of

internal structures or "cells"
-
A single cell will consist of either a bend, or a

rectangular cavity. After the properties of a single cell are reviewed, systems

consisting of two identical cells in series will be studied. Despite the great

simplicity of the shapes of the structures considered here, it will be shown

that the bound state and scattering features observed in these systems display
all the phenomena described in Chaps. 2 and 3.

This chapter will discuss in detail the qualitative features which occur

when studying tubes with one or two cells (bends or cavities) -
The study of

binding and transmission in wires or waveguides will be completed in Chap.
6 by considering the limit of tubes constructed from a series of identical cells.

It was shown in Chap. 2 that at low energies, the effect of a single bend or

cavity can be approximated by a simple attractive square well. When a tube is

formed by coupling together a series of identical cells, the scattering problem
is analogous to that for transmission through a regularly spaced series of

identical potentials. One of the more dramatic features which will appear in

this limit is the emergence of the band structure which is well- known from

solid state physics.
The discussion begins in Sect. 5.1 with a system which possesses a very

simple shape. This is a tube of constant width, where straight external leads

are coupled to a central section with constant curvature. The interior section

of the tube is thus a portion of a spiral. This structure displays a rich variety
of the phenomena discussed in previous chapters: bound states, quasi-bound
resonances just below channel thresholds, and substantial vortex formation

at certain energies. In Sect. "5.2 scattering behavior is examined in a tube with

a single sharp bend. By comparing binding and scattering in this system with.

analogous features for a circular bend, one can see the relative importance
of bends and bulges on these phenomena. Sect. 5.3 describes the physics of

a tube with a single "T-stub" junction. Ransmission in these systems shows

interesting selectivity in wave number, which in principle could be exploited
in the fabrication of devices which preferentially transmit, or reflect, specific

ute
J. T. Londergan, J. P. Carini and D. P. Murdock: LNPm 60, pp. 81 - 144, 1999© Springer-Verlag Berlin Heidelberg 1999
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predetermined wave numbers. In particular, the "crosi' geometry (a pair
of stubs placed symmetrically on either side of a tube) is the basis for the

"quantum doe' configuration, which has been extensively studied. Sect. 5.4

considers structures with two coupled bends. One of the interesting features

which arise in double-bend systems is sharp resonance formation, which will

be associated with the abil ty to set up standing waves inside the tube.

5.1 Tube with a Circular Bend

5

+SO

.so

Fig. 5. 1. Schematic picture of a tube with a circular bend, from [981. The structure

has constant (unit) width, with long straight sections at the ends, and a middle

region with constant curvature n and total bend angle 0 (in our notation, 0 = 219).

(a) 219 < 7r. (b) 2(9 > 27r (the tube does not cross itself)

This section discusses binding and scattering properties for a simple ge-

ometry, shown schematically in Fig. 5.1. This is a tube of constant width,

normalized to one, with long straight sections at both ends, and a central

region of constant curvature r,. The curvature K is defined with respect to

the outer boundary of the tube, so r, = 11R relative to the outer radius of

curvature R '. The system is then completely defined by specifying the two

quantities K, where 0 < r, < 1, and the total bending angle 2e. The total

*bend angle 2(9 can be greater than 21r; in this case the tube does not cross

itself, but forms part of a nonintersecting spiral, as shown in Fig. 5.1b.

From the theorem outlined in Sect. 2.1.2, such structures will have at least

one bound state [14]. The bending produces an effective attraction which

Note, in the article by Duclos and Exner [141, reviewed in Chap. 2, the curvature

was defined with respect to the center line of the tube.



51 'Jnihe with a Circulax Bend 83

_M2adiabat'ically approaches the value , /4, and which is constant through the

bend region. As the curvature increases, the attractive potential increases

roughly as the square of the curvature. Binding and scattering in circular-

bend tubes has been studied by several groups [24, 45, 98, 137, 138]. We

will review in considerable detail the location and properties of the bound

state(s), the transmission through a tube with a circular bend, and the flow

of probability current. The properties of tubes with circular bends can be

contrasted with L-shaped systems, which were studied in Sect. 2.1.5 and

Sect. 3.1.1. Many of the qualitative features found in circular-bend tubes are

also seen in systems with more complicated geometries.
In the straight sections of the tube, the channel wave functions can be

expanded in terms of the transverse channel eigenmodes, as given in (2.3)

O,jx, y) = exp(:Lia,,x)V2_sin(n7ry) . (5.1)

In the circular section, define polar coordinates R - 1 < r < R and -(9 <

0 < (9. The wave function in this region satisfies the equation

,927p I a'O 1 92,0
 -- + k20 == 0. (5.2)ar2

+
r -5r

 
r2 902

Equation (5.2) has solutions

0 , (r, 0) = Z, (kr) cos(vO) ,

,0,, (r, 0) = Z, (kr) sin(0) . (5.3)

Since the system is symmetric with respect to reflection about its center,
0 ---> -0, and the differential equation is invariant under this reflection, the

wave function V), (,0,,) in (5.3) will be symmetric (antisyrnmetric) with respect
to reflection about the center of the tube. The r-dependent solutions in (5.3)
must vanish at the boundary of the tube, i.e. at r = R - 1 and r = R. As

the resulting equation is Bessel's differential equation, they can be written

as linear combinations of Bessel functions. Up to an overall normalization

factor, the resulting functions Z,(kr) in (5.3) have the form

Z,(k,r) = J,(kr)Y,(kR) - J,(kR)Y,(kr) (5.4)

In (5-4), J,, and Y, are the Bessel and Neumann functions, respectively, of

order v. The boundary conditions on the r-dependent solutions are

Z,(kr)lr=R == Z,(kr)l,=R-l = 0
. (5.5)

By construction, Z,(kr) of (5.4) satisfies the first of (5.5). The remaining
radial boundary condition places a condition on the allowed modes for the

system. For a given wave number k and radius of curvature R, the allowed

modes v are those satisfying the second constraint of (5.5).:.Once the al-

lowed modes are obtained from the boundary condition, the exact solutions
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are obtained by matching the wave functions and normal derivatives at the

boundary of the straight and curved sections. In the limit of large curvature,

Lin and Jaffe [98] found that straightforward matching at the boundary did

not converge. We refer the reader to thei, paepe;r which outlines the matching

techniques -they employed in this limit.

5.1.1 Bound States in the Limit of Small Curvature

An interesting limit is obtained when the curvature of the tube is very slight,

or alternatively when the radius of curvature is very large. In this case (r, --> 0

or R -4 c;o), the system still possesses a bound state although the binding en-

ergy approaches zero as the curvature goes to zero. Sprung, Wu and Martorell

[138] derived an approximation for the binding energy in the limit of small

curvature. Following Jensen and Koppe [451, one makes the transformation

0(r, 0) =
X(r, 0)

(5.6)
VIF

then (5.2) takes the form

a2X
+

1 92X
+ k2 +

I

X = 0. (5.7)
T,r-2 72- _WO__2 I 4r2 I

In the limit of very large R, the quantity r
2
can be replaced by some average

value R2 in the denominator of (5.7). Sprung et al. found that the best result

was obtained by using the r value at the center of the bend,

W=R-1/2 . (5.8)

Replacing r
2 W2 in (5.7) produces separable solutions. These involve the

quantity x = RO, the distance along the center line of the bend, with limits

-Re < x < Re. Equation (5.7) then has the form

X,,(r,O) =0,,(RO)sin(n7r(r+1-R))
d2 pn (X)

+ [a2 +
1 ] On (X) = 0

_TX_2 n 'CR-2
(5.9)

The equation satisfied by  Pn in (5.9) is just that for motion in a one-

dimensional square well of depth

VO =
h2 1

(5-10)
2'rn* 47j2

and width 2TZe. In (5-9) the longitudinal channel energy in the nth transverse

channel is a
2
= k2- (nir)2. In addition, the \/r- term in (5.6) can be treated

n

as a constant; then the channel wave functions decouple and the problem

becomes truly one-dimensional.
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Fig. 5.2. Bound state energy vs. radius of curvature for circular bend tubes. Dashed

curves: e = 7r/4. Dotted curves: e = 7r/2. Energy in units ElEo, where EO is the

continuum threshold, vs. inner radius of curvature Rld, where d is the width of the

tube. Exact numerical results of [24] are compared with the approximate results of

[138]; the latter are the curves which extend to R = 0

The approximation of Sprung et al. I'eads to the following analytic es-

timates for the lowest allowed mode v and the bound state wave number

k2:
b

tan(ve) CT  V2
k2 7r2 _

I - 40
b

4R2

Figure 5.2 plots the bound state energy vs. the radius of curvature for two

bent tubes. The dashed curve is for a right-angle bend, i. e. (9 = 7/4, and

the dotted curves are for a 180' bend, 0 = 7r/2. As would be expected, as

the total bend angle increases for a given radius of curvature, the binding
energy increases. The solid curve in Fig. 5.2 shows the binding energy in

the limit as the bend'angle becomes infinite. In this limit the width of the

effective square well potential approaches infinity, so that the bound state

energy moves to the bottom of the effective square well. The vertical axis is

0 1 2
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in units E/Eo, where Eo is the threshold energy for the continuum (when the

tube is normalized to unit width, ElEo = k2/7r2) .
The lines which terminate

for small R are the numerical results of Sols and Macucci [24]; the other

curves are the approximate results of Sprung et al.2 [138].
For a tube with a very gentle circular bend (a large value of R), an

accurate estimate of the bound state energy can be obtained by neglecting

the r dependence of (5.7), and taking r ,z: R. From Fig. 5.2 it is evident

that this approximation works even for rather small values of R, where the

assumption that r is roughly constant should not be valid.

5.1.2 Bound State Properties for a Circular Bend

The bound state energies for the circular bend tube have been studied by Lin

and Jaffe [98]. In accordance with the existence proofs given in Sect. 2.1.2,

any bending of the tube always gives at least one bound state. In the limit

as the curvature n ---> 0 the effective attraction approaches zero, so in this

limit the binding energy will go to zero for any fixed bend angle (9. On the

other hand, since the effective attraction is constant through the bend, if the

bend angle is made large enough for fixed curvature, the net attraction will

become large, and the system could support more than one bound state.

Figure 5.3 plots the bound state wave numbers kj vs. total bend angle,

for curvature n = 0.8, i.e. outer radius of curvature R = 1.25 3 [98]. With

increasing total bend angle 2(9, the eigenvalue kj decreases monotonically,

i.e. for fixed curvature, the binding energy of the jth bound state increases

monotonically with the length of the bend region.

As e is increased for a given n, for some bend angle a second bound state

can be supported. Figure 5.4 shows the total bend angle 02(r') at which the

second bound state appears, as a function of the curvature n. In the limit of

zero curvature (n --4 0), the minimum total bend angle necessary to produce

a second bound state is 27r radians. To understand this result, return to the

coordinate system discussed in Sect. 2.1.2, where the coordinates 8 and u are

defined along and perpendicular to the walls of the tube, respectively [981.
After some distance Isl = so, the tube is straight. In the limit K -+ 0 the

wave function in the bent region can be written

V)(s,u) ;:: o sin(iru)sin(vjrs)r,-O

V2n2 + r2 2
= 0where from (2.18), 1 , I k (5.12)

The smallest bend angle occurs when k == 7r, and from (5.12) this requires

v, = 1/2. The wave function in the bend region must match onto a decreasing

exponential in the straight region, which requires that

2
In Fig. 5.2, the quantity labeled R is R - 1 in our notation, and our scaling of

the tube width sets d'== 1.

3 In Fig. 5.3, 0 represents the total bend angle, which equals 2e in our notation.



5.1 Tbbe with a Circular Bend 87

3.14

3.13-

+ +

3.12-

3.11-
+

3.1

3.09- ,4:.. +.+

3.08-

3.07-

3.06 -

+.+ +.+ + +.+ ++

3.05
0 10 20 30 40 50 60

0

Fig. 5.3. Bound state eigenvalues vs. total bend angle 0 = 219 for the circular

bend tube of Fig. 5.1, with curvature r,  = 0.8. Solid curves, circles: bound states

which are even under reflection; dashed curves, x's: bound states which have odd

reflection symmetry

ao
<0

. (5.13)
as

This requires that

7r

V1 Kso = V1 (9 >
_2 

or 2(9 > 2,7r (5.14)

In (5.14) we have used the relation so e1K. Thus the total bend angle

02(K = 0) = 2,7r, as shown in Fig. 5.4 [98].
It was proved in Sect. 2.1.2 that greater curvature produces greater bind-

ing, so one would naively expect 02 to decrease as K increases. This is opposite

the behavior shown in Fig. 5.4. The reason for this is that 02 depends on so

and so = 0/(2r,). For a fixed value of 0, so is much larger for small r.. Thus

the attractive potential acts over a much larger distance when K is small, and

this effect dominates the determination of the binding energy.

For r, 0.8, a second bound state occurs whenever 2e > 6.57 radians.

The lowest bound state is symmetric with respect to reflection about the
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Fig. 5.4. Total bend angle 02 at which a second bound state (antisymmetric)
appears, vs. the curvature x of a circular bend tube. As n --+ 01 02 --+ 2,7r

center of the tube (0 = 0), while the second bound state is antisymmetric in

0. From (5.3), the wave function of the lowest state will behave like cos(vlO),
and the second bound state will look like sin(v2O), where vj (j=1,2) are the

lowest allowed modes for the eigenfunctions in the bend, satisfying (5.5). The

eigenvalue  2 of the second state also decreases monotonically with increasing
bend angle e. Further increases in (9 will support more bound states. The

reflection symmetry of each successive bound state is opposite that of the

state below it. ,

A remarkable feature of Fig. 5.3 is that, for very large (9, the number of

bound states increases and all eigenvalues approach the same value. This

value, which depends on the curvature  r,, is called T,,,, by Lin and Jaffe. This

can be understood in the following way. In the limit e --+ oo, the curved

region becomes infinitely long and (for bound states) the external straight
region is negligible. In this limit one can accommodate a wave function with

any number of oscillations in 0, without changing the energy of the state.

From (5.3), the longitudinal (0) dependence of the wave function will be

sinusoidal 4. This will contribute roughly (V/17)2 to the energy, so that if

4 For symmetric states the wave function will have an angle dependence cos(vO),
while the antisymmetric states will vary like sin(vO).
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v ---> 0 the contribution of the longitudinal oscillations to the energy will be

negligibly small.

a)
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Fig. 5.5. (a) Plot of k,, vs. curvature r, 1IR for a circular bend tube as the

bend angle 19 --> oo. Solid curve is the solution of (5.15). Dashed curve uses the

approximation from [138], given in (5.16). (b) Plot of"k. vs. In(l - n)
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The behavior of bound states in the limit of large bend angle can also

be deduced from (5.11), which gives the approximate relation between the

bend angle (9'and mode v. This suggests that as e -+ oo for a given radius

of curvature R, all modes vj ---> 0. Thus as 19 --- oo, an increasing number of

bound state energies will accumulate at the value k, and the value of the

mode v for each state will approach zero. The value of kc, (R) is determined by
solving the transcendental boundary value condition, (5.5) by setting v = 0,

Jo(k,,,,(R - 1))YO(T,, R) - Jo(k,,cR))Yo('k,,,,(R - 1)) = 0 (5.15)

The solid curve in Fig. 5.5a Plots k2 vs. n = 11R. In the limit r, --+ 0 (i.e.,
-2

2R --+ oo), we have k. --+ 7r
.
This is the continuum threshold for a straight

tube, which has no bound state. For finite radius of curvature, the energy

vs. curvature plot is a parabola. In the limit of an infinitely long curved

section the effective attractive potential -n2/4 is constant everywhere. The

net result is that the energy simply shifts by this amount, so one expects to

find

V 2

2
2

00
;Z: 7r

4
7r

4-R2
(5.16)

This result could also be obtained from the approximation of Sprung et al.,

(5.11). In this picture the circular bend is approximated by a square well

potential of depth 1/4R
2
and width 2R(9. As e --4 oo, the square well

becomes infinitely wide, and the bound state energy moves to the bottom

of the well. The dashed curve in Fig. 5-5a plots the quantity 7r
2
_ /(4R2),

of
2

where R = R - 1/2. This gives an excellent fit to the calculated values TOO
for all cases where the radius of curvature R > 2.

As r, --+ 1, the system develops a "kink" at the inner corner, as R - I --+ 0.

In this limit, (5.16) no longer gives a reasonable estimate for k,)O -
This can

be seen by inspection of (5.15). In the limit as R --+ 1, Jo(k(R - 1)) goes to

zero, and Yo(k(R - 1)) blows up. The mode equation then reduces to

JO (-k" (K. = 1)) = 0 (5.17)

i. e., koo (n 1) = 2.405..., the first zero of the Bessel function JO. Figure
5.5b plots vs. ln(l - r,) = ln((R - 1) IR) -

As r, ---> 1, the curve for T"O is

seen to approach the first zero of the zeroth order Bessel function. This gives
the limit of T,, as r, --> 1, i.e. In(I - r.) ---> -oo in Fig. 5.5b [98].

In the limit (9 --- oo, the curved region is infinitely long, so the straight
section can be neglected, and the system becomes an infinite non-intersecting

spiral. The curvature produces a constant attractive potential everywhere;
it produces an infinite number of bound states all of which accumulate at

the point Since the effective potential is constant everywhere, the

continuum states from the straight tube are all shifted downwards by this

constant amount. They fill the gap between the original continuum threshold
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(for the straight tube) and -k,,. The net result is that the continuum threshold

simply shifts downwards to k,,O. The net result is that the infinite spiral has

a lower continuum threshold than the straight tube and no bound states, as

was predicted in Sect. 2.1.2.

5.1.3 Transmission in a System with a Circular Bend

0.8

0.6

vtx

0.4

0.2

1112 IIZ 112Fig. 5.6. nansmission and reflection coefficients 1 (solid curve) and 1IT
(dashed curve) vs. k/7r, for a circular bend tube with n = 0.9 and 2e = ir/2. ftom

[98]

Transmission through a tube with a circular bend has been studied by
Lent [137], Sols and Macucci [24], Sprung et al. [138], and Lin and Jaffe [98].
Figure 5.6 plots the transmission coefficients vs. kl-x, as calculated by Lin and

1112Jaffe [98]. The solid curve is the transmission coefficient IT, ,
and the dashed

curve is the reflection coefficient I-R,112 ,
as defined in (3.2). The parameters

of the system are K == 0. 9 (R = 1. 11), 2e= 7r/2. For this geometry the

system has only a single bound state.

The transmission coefficients have the following qualitative features. For

a tube of unit width the threshold for continuum scattering is k/,7r = 1,

and inelastic thresholds (higher transverse modes) open up whenever kl7r =

01
1 1.5 2 2.5 3

k/n
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1'r1 12N > 2. The transmission is zero at threshold. 11 rises very rapidly to a

value very close to one, and remains close to unity until just below the first

inelastic threshold. In this region, these ideal circular bends introduce almost

no resistance to the current flow, so there is almost zero reflection. Just

before the opening of the second transverse mode, the transmission drops

extremely sharply towards zero, then rises abruptly again above inelastic

threshold. Below the threshold for the second transverse mode (k 27r),
I,r,12 + IR1112unitarity requires

0.8

04
0
-4

M 0.6

p! 0.4

E-

0.2

0

pd/iT

Fig. 5.7. Near-threshold transmission probability JT1112 for a right-angle circular

bend tube with 2e = 7r/2, plotted vs. longitudinal wave number pdl7r. Curves

correspond to single-mode approximation of Sprung et al., [138], for outer radius

of curvature (a) R = 2.5; (b) R = 1.5; (c) R = 1.25; (d) R = 1.15; (e) R 1.0.

Crosses mark transmission probability calculated by Lent [1371

The single-mode approximation of Wu et al. [28], presented in Sect. 2.1.4,

gives a good fit to transmission near threshold. Figure 5.7 plots the transmis-

sion probability IT,, 12 for a 90' circular bend. The results are plotted vs. the

longitudinal wave number pd/7r. When the system dimensions are rescaled

to unit width, we have pd ce, = \/k2--7r2. The curves correspond to outer

radius of curvature (a) R 2.5; (b) R = 1.5; (c) R = 1.25; (d) R = 1.15;
and (e) R = 1.0. The crosses are the exact results of Lent [137], and the

solid curves are the single-mode approximation of Sprung et al. [138]. It is

clear that the single-mode approximation successfully reproduces not only
the bound state energies but low-energy scattering as well. Equation (3.21)

0 0.1 0.2 0.3
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predicts that the transmission probability near continuum threshold should

have the form
2

jTjj(aj)j2 -
a1

(5.18)2 2)(al + ab

In (5.18),'l Ozb I = \/ir2_-Eb is the magnitude of the longitudinal wave number

at the bound state which occurs at energy Eb. From (5.18), one expects that

the transmission probability   0.5 when a, = ab. For fixed bend angle,1 12
the bound state energy Eb increases, and hence ab decreases, as the radius

of curvature R increases. Equation (5.18) thus predicts that the transmission

probability should rise more rapidly as R increases, and this is observed in

Fig. 5.7.

The low-energy transmission for the circular bend can be compared with

that for. the L-shaped system shown in Fig. 3.2. The L-shaped tube has

substantial additional space at the bend, relative to the circular bend, so

for a given bend angle the bound state energy Eb (effective momentum ab)
for an L-shaped tube is significantly smaller (larger) than the corresponding
quantities for the circular bend tube. As a result the transmission probability
for the circular tube rises much faster than for the L-shaped system at low

energies, as predicted by (3.21). When the transmission reaches a maximum,
the circular bend gives nearly 100% transmission, since it produces almost

no reflection in this region. The maximum transmission probability for the

L-shaped tube, 1,11,12   0.85 (see Fig. 3.1), is substantially less than for the

circular bend tube, since the sharp corners in the L-shaped structure produce

substantially more reflection.

The transmission amplitude T11 for the circular bend tube displays all of

the qualitative features which were predicted in Sect. 3.1. Figure 5.8 shows

the Arga4d diagram for T11, in the energy region from threshold to the second

transverse mode, i.e 7r <'k < 21r, from the calculation of Lin and Jaffe [98].
The system parameters are those given in Fig. 5.6. The circles in Fig. 5.8

denote equal k intervals. The salient qualitative features of the transmission

are:

At elastic threshold, Til = 0.

Just above elastic threshold, T11 moves clockwise in a circle of radius 1/2,
centered about the point Til = 1/2, until it reaches 17,11 ;z: 1. This can be

understood from (3.21), which showed that the existence of a symmetric
bound state and the vanishing of the transmission at threshold required

71, (a, ;zz 0) -
a, + iab

 
+

1
(5.19)

2(al - iab 2

This produces the motion of T11 (a semicircle of radius 1/2 in the clockwise

direction, centered about the point T11 = 1/2) observed near threshold.

9 After the initial clockwise circular rotation near threshold, T11 continues

to move clockwise with increasing energy, almost on the unit circle. In
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E

Fig. 5.8. Argand diagram for T11, a plot of the Real vs. Imaginary parts of the

transmission amplitude, for a circular bend tube with r, = 0.9 and 2e = 7r/2. Here,
7r < k < 2,7r; arrows indicate direction of increasing k; circles mark equal intervals

in k. From [98]

this energy region, the circular, bend provides almost no resistance to the

electron motion..

As the energy increases, the system continues to have nearly perfect trans-

mission, until energies just below the second transverse mode. In this region
T11 moves rapidly counterclockwise in a circle of radius 1/2. As T11 moves

along this resonant circle, the transmission amplitude decreases in magni-
tude very rapidly. In fact, at its lowest value the transmission coefficient

almost exactly vanishes.

These features of the transmission are understood in terms of the
'

quasi-
bound state just below the second transverse mode threshold, which was

discussed in Sect. 3.1. From (3.23), this quasi-bound state appears as a pole
in the transmission amplitude T11 at a complex value of the longitudinal
momentum a, = q1 + i-yl, just below the second transverse mode, so that

q,   v/'3-,7r. From (3.23), the structure of the quasi-bound pole requires that

the transmission amplitude undergo an anticlockwise circular rotation with

a radius of 1/2, shortly below the second channel threshold.

For the circular bend, the width of the quasi-bound state, which is pro-

portional to the square of the coupling 71 to the lowest mode, is extremely
small. This has three observable consequences. First, the transmission. am-

0

Re(T,,)
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plitude T11 varies extremely rapidly for energies near this resonance. Second,
T11 completes almost a complete counterclockwise circle of radius 1/2, before

the second transverse mode opens. Third, since the transmission amplitude
is almost exactly on the unit circle for energies below the resonance, in order

to avoid violating unitarity T11 must move so that the quasi-bound resonance

circle is tangent to the unitarity circle. This requires that the transmission

amplitude pass almost exactly through the origin. This behavior is seen in

both Figs. 5.6 and 5.8.

In Sect. 3.1 it was shown that a quasi-bound state should appear before

the opening of every new transverse mode. Figure 5.9 shows the Argand dia-

gram for the transmission amplitudes T12 and 722, in the range 21r < k < 37r.

The qualitative features are identical with those for the lowest mode transmis-

sion amplitude T11: just above threshold the amplitude T22 rotates clockwise
5through a semicircle of radius roughly 1/2 . T22 then moves clockwise on

a roughly circular path with magnitude approximately unity, until just be-

low the third transverse mode when T22 moves rapidly counterclockwise in a

circle of radius roughly 1/2, producing a very rapid dip in the transmission

probability 172212
The destructive quasi-bound state resonances which appear just below

the opening of each transverse mode produce resonances whose line shape
cannot be described by the standard Lorentzian form

T(E) -
-

(5.20)
[(E - ER)2 + r2/4]

Resonances with a non-Lorentzian line shape are generically referred to as

"Fano resonances" [139], which were originally identified in atomic and molec-

ular reactions. An analysis of the analytic properties of the transmission

amplitudes provides us with a detailed description of the quasi-bound Fano

resonances in curved 2-D systems.

5.2 Tube with a Single Sharp Bend

The preceding section discussed the physics of particles traveling through

a tube with a circular bend. In this section we analyze the case of a 2-D

structure with a "kink": two straight sections of unit width joined at some

interior angle 0 < 0 < 7r. This is shown schematically in the inset to Fig.
5.10. In Sect. 2.1.3 it was shown that such a system always has at least one

bound state for all 7r > 0 > 0, and Sect. 2.1.5 reviewed the properties of the

L-shaped tube, where 0 = ir/2. A tube with a circular bend-can always be

inscribed inside any tube with a kink (see the dashed curve in Fig. 2.3a), so

Above inelastic threshold the sum of the transmission and reflection coefficients

in channel 2 is no longer required to equal 1, because of the coupling of this mode

to channel 1.
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Fig. 5.9. Argand diagrams for 7-12 T21 and T22, for circular bend.tube with

parameters given in Fig. 5.8. Energy range is 27r < k < 37r

0

Re(T22)

0

Re(T12)



5.2 'Ribe with a, Single Sharp Bend 97

------------------------------------------------------
------

r 1
11, lel

C14
0.8

11 0.6

C14

0.4

20 40 60 80 100

0 (deg)

Fig. 5.10. [Inset: schematic of bent tube formed from joining two straight sections

of unit width and internal angle 0. A rectangle of length L and width W is inscribed

in the central bend.] The bound state energies for the system axe shown in the inset,

as a function of the internal bend angle 0. Solid curve: lowest-energy (m = 1) state;
dotted curve: (m = 2) state; dashed curve: (m = 3) state; dot-dashed curve: (m = 4)
state; solid curve:(m = 5) state. Dashed curve [c] is the bound state energy for the

circular bend tube with identical total bend angle (7r - 0)

by comparing a system with a kink to the corresponding circular bend tube

with the same total bend angle, one can understand the relative importance

of bends and "bulges" in binding and scattering'phenomena.
As the internal bend angle 0 --+ 7r, the binding energy goes to Zero (the

eigenvalue k2 7r2) , although at least one bound state exists for any 0  4 ir.

With decreasing 0, the extra space contained in the "bulge" in the sharp bend

(the difference in area between this system and the inscribed circular bend

tube) increases dramatically. In the limit 0 -+ 0, the structure approaches
the case of a straight tube of width two which breaks up into two tubes of

unit width (the additional area in the corner of the system grows without

limit). Thus for small values of 0, one expects to have more than one bound

state. Furthermore, in the limit 0 --* 0 the number of bound states should

become infinite, and the energy of every bound state should approach -7r
2 /4.

At 0 = 0, the continuum threshold would be lowered to Eth = Ir2/4.
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This is analogous to the situation found in the preceding section, for

a system with a circular bend. For sufficiently large circular bend anglee
the tube had more than one bound state, and in the limit e -+ oo, the

number of bound states increased without limit, the energy of all bound

states approached the same asymptotic value, and the continuum threshold

was lowered by this amount.

We give an intuitive estimate of bound state energies for a tube with a

sharp bend of internal bend angle 0. In the interior of the bend, inscribe

a rectangle with length L and width W, as shown in the inset to Fig. 5.10.

Consider the energy eigenvalues for a scalar field which satisfies the Helmholtz

equation inside the rectangle and vanishes on the sides of the rectangle. The

energy of such states is easily calculated,

2
n
2

M21En,,,
W2
+_ (5.21)

L2

for nonzero integer values (n, m). The lowest energy state (the ground state)
of the system corresponds to the values n = m = 1. The length of the

inscribed rectangle is related to the width by

L=csc(0/2)[1-Wcos(0/2)/2] (5.22)

It is a straightforward exercise to calculate the dimensions of the inscribed

rectangle which has the lowest ground-state energy, for a given bend angle 0.

Using these dimensions, it can be demonstrated that for small 0 in the limit

as W ---> 2,
2

-

2
+

2
+ ra2) 02/3Enm --->

"

[n (2n + - - .1 - (5.23)
- 4

Since the rectangle is inscribed in the tube, its eigenenergies provide an upper

limit for the bound state energies of the system. It is apparent from (5.23)
that as 0 -- 0, the inscribed rectangle has more and more bound states, and

the energies for all of these approach 7F2 /4 for sufficiently small 0 (in (5.23),
such states have n =: I and any value for m).

These simple arguments agree with the results of numerical calculations.

For sufficiently small values of 0 multiple bound states occur; the number

of bound states increases rapidly at very small 0, and the energy 7r2/4 is an

accumulation point for such states in the limit 0 --+ 0.

5.2.1 Bound States for Structures with a Sharp Bend

Carini et al. [22] calculated bound state energies for scalar fields inside a

system containing a single sharp bend, using two different techniques. First,

they used a relaxation method to give lower limits on the binding energy.

They also used a series expansion method to calculate bound state wave

functions. This approximation is essentially that of Tang et al. [59], who used



5.2 Tube with a Single Sharp Bend 99

it to solve a simple model for chemical reactions which could be reduced to

the bent tube problem. This method makes use of the fact that the bound

state wave functions for the bent system are symmetric upon reflection across

the diagonal at the bend, so the normal derivative of the wave function must

vanish on the diagonal.

Thus, one searches for solutions on half the structure, with Neumann

boundary conditions on the diagonal (vanishing of the normal derivative

there). The channel is divided into two adjacent regions: a semi-infinite

straight section and a central triangular region. The bound state energy is

found by matching the wave functions and normal derivatives at the region

boundary, and finding an eigenstate whose wave function decays exponen-

tially in the straight section.

The theoretical predictions for bound states are shown in Fig. 5.10. The

bound state eigenvalues (divided by 7r') are shown for the first five bound

states, as a function of the interior bend angle 0. The bound state energies
decrease monotonically as 0 is decreased. As 0 -- 0, all bound state energies

tend towards 7r'/4. For very sharply bent tubes, the number of bound states

increases rapidly with decreasing 0. For interior bend angles 0 > 27.5', there

is only a single bound state; below this angle one has at least two bound

states. A third bound state appears at 0,;:z 18', followed by a fourth around

11' and a fifth at about 9'. In Fig. 5.10, the dashed curve labeled [c] shows the

ground state energy of a circular bend with the same bend angle as. a tube

with a kink. The sharply bent systems have much greater binding energy

than the circular bend tubes. The sharply bent system contains the same

overall bend angle as the circular bend tube which can be inscribed inside

it. The system with a kink contains an additional "bulge" in the corner. Fig.
5.10 shows that the bulge in the sharply bent tube plays a dominant role in

determining the bound state energies, relative to the curvature.

5.2.2 Sub-Cutoff Confined Modes in Curved Waveguides

Experimental measurements of bound states in sharply bent tubes were made

with bent waveguides [21, 22], using the correspondence between wires and

waveguides outlined in Chap. 4. An adjustable waveguide is shown schemat-

ically in Fig. 4.1, and was described in Sect. 4.3. A second waveguide was

constructed with a fixed internal angle 0 := 22.5'. The calculated cutoff fre-

quency for the waveguide sections is c/2w, approximately 7.87 GHz for

width w = 1.905 cm.

Microwave power was sent into the bend region through a coaxial line.

The bound state then appears as a sharp decrease in reflected power R(f),
i.e., as a resonant absorption of power for microwave frequencies below cut-

off frequency. Figure 5.11 shows R(f) for the 22.5-degree bend with a low

coupling strength between the coaxial line and the waveguide. For this bend

angle, the waveguide should have two sub-cutoff confined EM modes, as can
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Fig. 5. 11. Ratio R(f) of reflected power to incident power, vs. microwave frequency
in GHz, for a waveguide with interior bend angle 0 = 22.5'. Arrows denote the low-

coupling resonant frequencies fgs and fe. for the ground and first excited confined

modes, and the cutoff frequency fc. for the straight waveguide sections

be seen from Fig. 5.10. The lower energy bound state appears as the promi-
nent minimum in R(f) at 5.666 GHz, shown by the arrow marked fgs. This

corresponds to a bound state energy El = (0.530 0.002)lr2 in a tube of

unit width, in excellent agreement with the theoretical prediction shown in

Fig. 5.10. The first excited state appears at frequency f, x = 7.305 GHz,
indicated by the arrow marked f,,, and equivalent to bound state energy

E2 = (0.882 0.004),7r2. Both resonances occurs well below the calculated

cutoff frequency, indicated by the arrow fco.
As discussed in Chap. 4, the "bound states" in the waveguide are stable

confined EM modes located below the waveguide cutoff frequency. The mea-

surements of Carini et al. [21] mark the first known determination of these

sub-cutoff confined states, which were first predicted in 1990 [551.
As was demonstrated in Sect. 4.2 and Sect. 4.3, the electromagnetic en-

ergy densities in the waveguide can be mapped out by measuring the shift in

resonant frequency when a small metal sphere is inserted in the waveguide.
The frequency shift will be positive at points where the magnetic field (gra-
dient of the wave function) is relatively large, and negative where the electric

field (wave function) is large. Figure 5.12b shows theoretical contour plots
of the frequency shifts in -a waveguide with internal bend angle 0 = 22.5'.

Figure 5.12b shows contour plots for the higher-energy bound state. Shaded
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H3b

(a) (b)

Fig. 5.12. (a) Experimentally measured contour plot of the frequency shift for

the first excited state of a bent waveguide with interior angle 0 = 22.5'. Points

E2 and E3 denote maximum measured negative frequency shifts; points H2, Ma,

H3b, H4a and HO represent local maxima in the frequency shifts. (b) Theoretical

calculations of the frequency shift for the same quantity shown in (a)

areas denote regions of positive frequency shift, while unshaded areas denote

negative frequency shifts. For the higher frequency sub-cutoff mode, the E

field is predicted to have a maximum and minimum value, separated by a

node, Thus there should be two regions of maximum negative frequency shift

along the middle of the bend region, with a line of maximum positive fre-

quency shift between them. The B fields are predicted to be large along both

the inner and outer waveguide walls, where the E fields vanish.

Figure 5.12a displays the experimental measurements of frequency shift

[22]. The qualitative agreement between theory and experiment is quite good,

especially in the vicinity of the maximum E field. Away from this region,

the frequency shifts become so small that the experimental measurement is

dominated by noise. The maximum positive and negative frequency shifts are

denoted by asterisks and crosses, respectively. Quantitatively, the experimen-

tal frequency shifts at the antinodes in magnetic field agree remarkably well
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with theory. Near the antinodes of E, however, the measured frequency shift

is only ab,out 75% of the theoretical value. Similarly good results are found

for the lowest-energy bound state in this waveguide [22].
These measurements clearly demonstrate the extent to which waveguide

experiments can locate confined modes in bent waveguides, and can map out

the electromagnetic field densities. These "table top" measurements can give
useful qualitative information regarding electron bound state wave functions

in quantum heterostructures with the same geometry. If sufficiently accurate

measurements were available for electron wave functions in quantum wires,
they could be compared with waveguide measurements to highlight the differ-

ent boundary conditions in quantum heterostructures and waveguides, which

were discussed in Sects. 3.3-3.4.

5.3 A Tube with a "T-Stub"
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Fig. 5.13. [Inset: schematic picture of tubes with stubs. (a) Tube with a T-stub,
a single stub of width 2a and height b, for a tube with external legs of unit width.

(b) A structure with a cross or "quantum dot", stubs of width 2a and total height
b projecting from both sides of a tube.] Bound state energy e Ebl,7r2 vs. stub

height b, for tube with unit channel width and stub width 2a 1. Solid curve:

bound state energy for T-stub shown in (a); dashed curve: bound state energy for

quantum dot shown in (b)
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This section examines the physics of tubes containing stubs. Structures of

this shape provide a rich field for both theoretical and experimental studies.

We will give just a brief review of the physics of these structures, relying
heavily on our discussion of systems with different geometries. Graph (a) in

Fig. 5.13 shows a schematic picture of a tube with a single T-stub of finite

length. The width of the stub is defined to be 2a, and the height of the tube at

the stub is b, when dimensions are scaled so the external legs have unit width.

Graph (b) in Fig. 5.13 shows a "cross," a tube with a single junction which

extends symmetrically on both sides of the straight legs. Structures with a

series of identical T-stubs or crosses will be considered in the next chapter.
Theoretical analyses of these systems have been carried out by several groups

[38, 66, 99, 116, 128, 140, 141, 142, 143]. Experiments on these systems were

carried out by Haug, Lee and Hong [144, 1451.
Any tube with either a T junction or a cross will have at least one bound

state. The number of bound states, and the shape of the bound state wave

functions, will depend sensitively on the width 2a of the stub, and somewhat

less sensitively on the height b. First, by varying the width of the stub, relative

to the width of the external legs, one can ensure that the resulting bound

state wave function will be large either in the straight section of the tube,
or in the stub. For the case 2a < 1, the wave function in the stub must

have a higher transverse energy than in the straight section. Consequently,
the particle's probability density will be larg,est in the straight section of

the tube, except at those energies where a standing wave can fit across the

stub. When 2a > 1, the bound state energy will decrease substantially as the

stub width increases. In this case the transverse energy is lower in the stub

than in the straight channel, so the bound state wave function tends to be

concentrated in the stub. For larger values 2a > 2, one has the possibility
of producing a substantial number of bound states, with rather interesting

probability distributions for some confined modes. Por stubs with large width,
the number of bound states and their structure depends sensitively on the

geometry of the system.
In this monograph we will confine our attention to systems with stubs

where the width of the external legs and the stub are required to be identical,
i.e. 2a = 1. In this case the the tube and the stub are said to be "well

matched," in the sense that the transverse energy is the same in the external

legs, and in the stub. In the well matched geometry, a tube with either a

stub or a cross will have just one bound state, regardless of the length of the

stub. The bound state wave function will be localized in the region of the

junction, and will be concentrated primarily in the straight channel of the

tube. Figure 5.13 shows the bound state energy c = Eb/Ir2 for a structure

with a stub of width 2a = 1, vs. the height b of the stub. The solid curve is

the bound state energy for the T-stub, and the dashed curve is the energy

for the cross. It is clear that by the time the stub height reaches b = 2, the

bound state energy has nearly reached its asymptotic value for infinite stub



104 5. Transmission in Wires and Waveguides

length. Because the bound state wave function is essentially zero except in

the immediate vicinity of the junction, further increases in stub height have

essentially no effect on the bound state energy. The bound state probability

density in a single T-stub is shown in Fig. 6.2a; in this case the stub height is

b = 2.2. With increasing b, the bound state eigenvalue and probability density
remain essentially unchanged. In the limit b -4 oo, the bound state energy

for the cross approaches the value calculated originally by Schult, Ravenhall

and Wyld [151 and Peeters [16].

5.3.1 Transmission in Structures with T-Stubs

0.8
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T
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Fig. 5.14. 'Ransmission coefficient vs. stub height c for the T junction (graph
(a) of Fig. 5.13). Calculation by Sols et al., [381, for a quantum wire with channel

width and stub width w = 2a = 100 A. Electron energies correspond to E = 1.27E1

(dotted curve), E = 2.56E, (heavy solid curve), and E = 3.64EI (light solid curve),
where El is the continuum threshold

Structures with T-stubs possess interesting transmission properties, which

have the possibility of producing practical nanoscale devices. Figure 5.14 plots

the transmission coefficient T11 1 for the T-stub as a function of the1112
stub length c ', for the well-matched case 2a = 1. This was originally calcu-

lated by Sols et al. [38, 140], for a quantum wire of channel width 100 A (equal
to the stub width). The results are shown for three different electron energies.

Relative to the threshold energy E, for transmission, the dotted line is for

6
Note that the quantity labeled c in Fig. 5.14 is the total height of the stub, which

we have denoted as b.
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E = 1.27 El, the heavy solid curve for E = 2.56 El, and the light solid line

corresponds to E = 3.64 El. The transmission coefficients have two striking
features. First, as the height of the stub is varied, the transmission coefficient

for a given energy fluctuates from one to zero. Second, these fluctuations

are periodic. The difference in stub height A between successive transmis-

sion maxima is constant, and is identical to the difference between successive

transmission minima. The quantity A is seen to be a function of the electron

energy.

Sols et al. suggested that the dependence of the transmission coefficient

on the stub length could be utilized to produce a "quantum modulated tran-

sistoil' [38, 140]. One could fabricate a quantum wire whose shape resembled

the T-stub, and vary the effective length of the stub by applying an external

gate voltage. In this way for a given electron energy one could ensure either

total transmission or total reflection, by varying the stub length according
to Fig. 5.14. Lent et al. [146] pointed out the possibility of transistor action

in transmission through a constriction in a quantum waveguide. Datta [1471
listed a number of devices which could be produced in quantum heterostruc-

tures, and whose actions would essentially reproduce those in conventional

semiconductor systems. Kouwenhoven et al. [142] observed conductance fluc-

tuations in a one-dimensional crystal containing a series of equally-spaced
stubs.

The periodicity in the transmission probability can be understood using
a simple 1-D model. Consider a long straight channel coupled to a T-stub, in

the limit where the channel width is negligible relative to the length b of the

stub. Xia [83] derived an analytic formula for the transmission amplitude in

such a I-D system,

t(k) = [1 +
i
cot(kb)]-l (5.24)

2

In (5.24), k is the wave number. The transmission amplitude t(k) varies

between 0 and 1 at regular intervals,

t(k)
0 whenever kb = n,7r, n = 1,2....

(5.25)
I whenever kb = ('

2
n = 1,2....

Porod et al. [148, 149] carried out numerical studies of systems involving T-

stubs, and note that the regular oscillations in the T-matrix between 0 and

I are not found in I-D resonant tunneling between double potential barriers.

From (5.24), t(k) has poles at the points

kb = n7r - i ln(3)/2 (5.26)

for integer values of n. Note that this I-D example appears not to possess

a bound state. In the case of a 2-D tube of width w, the transverse energy

is 7r2/W2 (in units where h2/(2m*) = 1). Consequently, the threshold for

transmission is kth = 7r/w, as there is a minimum amount of energy which
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appears in the transverse channel. However, in the limit where the channel

width is neglected, the continuum starts at k = 0.

The scattering matrix here is an interesting example of a non-Lorentzian

"Fano resonance" [139], introduced in Sect. 5.1.3. For a Lorentzian resonance

with no background, the transmission coefficient is a maximum when the

longitudinal wave number is equal to the real part of the pole position. Note

that the real parts of the pole positions (5.26) for this I-D model occur at the

location of the zeroes, and not the maxima, in the transmission amplitude

[148]. From (5.25) we predict that as the length of the stub is varied for fixed

energy (or k), the distance between successive maxima (or minima) in the

transmission will be

bb = ?r/k (5.27)

The relation (5.24) was derived for strictly 1-D problems in the limit of

zero channel width, so it is not particularly accurate in predicting the absolute

location of zeros and maxima in T for Fig. 5.14, where the channel width is of

the same order as the stub height. But (5.24) is very good at predicting the

spacing between successive maxima or minima. In the lowest transverse mode,
r 2 7.an electron of wave number k has longitudinal momentum a, = v kk i

Choose a stub height b at which the transmission probability is a maximum.

For this geometry the wave reflected in the stub has maximal constructive

interference with the wave traveling straight through the main channel. If the

height of the stub is increased by 5b, such that this additional height provides

exactly one additional half wavelength in the stub, then the reflected wave in

the stub will once again give maximal constructive interference and produce

a peak in the transmission probability.

Exactly the same change in stub length will take a minimum in the trans-

mission to another minimum. Therefore, the transmission probability T11 (a),
as a function of the height of the stub, is a periodic 'function with period

Jb
7r

(5.28)
Vk2 - .7r2

Equation (5.28) has been calculated for channel width W = 1; it scales to

arbitrary width W by rescaling k --+ Wk and Jb --- W& For W = 100 A and

k2 == 2.567r2, the conditions corresponding to the heavy solid curve in Fig.

5.14, one calculates Jb;:z 80 A. Figure 5.15, from Ref [79], shows plots of the

electron density 1012 in a system with a single stub, at this energy. The channel

width and stub width are 100 A. Figure 5.15a and 5.15c both correspond to

T11 = 0; they have stub height b = 146 A and b = 226 A, respectively.

The incident electron is coming from the right. Clearly, the wave function in

Fig. 5.15c has exactly one additional half wavelength in the stub, relative to

Fig. 5.15a. Similarly, both Fig. 5.15b and 5.15d have transmission probability

T11 = 1. They correspond to stub heights b = 200 A and b = 280 A. Again,

7 Because the stub has the same width as the channel, this is also the longitudinal
momentum in the stub.
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p,
2

2

Idl,
2

Fig. 5.15. Electron probability density 1012 for T-stub, graph (a) of Fig. 5.13. The

electron energy corresponds to E = 2.56EI, and the dimensions are the same as

in Fig. 5.14. The incident wave comes from the right. (a) c = b = 146A (in the

notation of Fig. 5.13), and transmission probability T 0. (b) b = 200 A, and

T = 1. (c). b = 226A, and T = 0. (d) b = 280 A, and T 1. The wave functions in

(c) and (d) have one extra half wavelength in the stub compared to (a) and (b),
respectively. From [79]

the wave function in Fig. 5.15d has one additional half wavelength relative

to Fig. 5.15b. The difference in stub length between successive zeroes and

maxima in the transmission is in excellent agreement with the calculated

value A = 80 A.

A geometry frequently encountered in quantum heterostructures is shown

schematically in Fig. 5.16. In such a system, a bulge in a 2-D quantum wire

is connected to 2DEG reservoirs through a constriction on either side of

the bulge. Note that the geometry of the cavity coupled to the reservoirs is

essentially that of the "cross" configuration, graph (b) in Fig. 5.13. We review
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Fig. 5.16. Schematic diagram of a "quantum-doe' structure, a cavity coupled to

2DEG reservoirs on either side. The cavity has the same structure as the "cross",

graph (b) of Fig. 5.13. The structure has realistic dimensions (given in nm), and a

bias potential Vb between the two reservoirs. Rom [150]

the physics of such systems briefly, since this is the archetypal design used

to. create an isolated system called a quantura dot structure. The dimensions

given in Fig. 5.16 are realistic dimensions in nanometers. In such a geometry,

one can effectively create a one-dimensional electron state in the bulge region

between the two constrictions in the cavity. Electrons are able to tunnel from

the 2DEG into the cavity region, and then out again.
From our discussion of confined modes in structures containing bends

or cavities, it is clear that at least one bound state will exist in a very

long tube with such a cavity. When the cavity is coupled to the external

reservoir, one expects that sharp peaks should be seen in the transmission

through this structure, when the Fermi energy in the 2DEG coincides with

quasi-bound states in the central cavity (dot) region. Figure 5.17 shows the

electron probability density for transmission from left to right through the

quantum-dot structure of Fig. 5.16 at two electron energies. Fig. 5.1 a is

essentially at the peak of the resonance, and Fig. 5.17b is "off" resonance.

The formation of a quasi-bound resonance in the central cavity is quite clear

in this figure, calculated by Weisshaar et al. [150].
Figure 5.18 shows the transmission probability vs. electron energy for the

quantum dot structure shown in Fig. 5.16. Two dramatic features are evident

in the transmission. First, there is the familiar plateau which occurs once the

electron energy exceeds the transmission threshold through the constriction.
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(a)

(b)

Fig. 5.17. Electron probability density IV)12 inside the quantum-dot structure

shown in Fig. 5.16. (a) On resonance (E = 37.25 meV); (b) off resonance (E = 30

meV). The resonant structure of the probability density inside the quantum dot is

evident. Rom [150]
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Fig. 5.18. Total transmission probability as a function of energy and bias voltage
for the single quantum-dot structure of Fig. 5.16. Rom [1501

The second feature is a sharp resonance peak below the plateau, due to

tunneling of the electrons through a quasi-bound state in the central cavity.
In this case one provides a bias voltage between the two 2DEG reservoirs,

shown in Fig. 5.16 as Vb. As Vb is varied, the position and height of the sub-

threshold transmission peak changes. The transmission is calculated assuming
that the bias voltage appears as a linear drop distributed across each of the

constrictions.

The literature on quantum dot phenomena is extensive, and exceeds the

scope of this book. We refer the reader to the extensive review in the book

by Ferry and Goodnick [2], and the recent monograph on quantum dots by

Jacak, kawrylak and Wojs [151], and references cited there. One interesting
feature of this structure, as pointed out by.Weisshaar et al. [150], is that the

current-voltage characteristics of this quantum-dot structure exhibit a region
of negative differential resistance [NDR], which is similar to that achieved

in resonant tunneling diodes. However, at present experimental fabrication

techniques prevent the NDR effects from being strong, and they are observed

only at very low electron temperatures.
Bound state and transmission properties for a quantum dot structure

(graph (b) in Fig. 5.13) can be analyzed by constructing the transfer matrix

for this system, as defined in Sect. 2.1.4. The "unit cell" is a rectangular

cavity of width 2a and total height b, coupled to straight sections of length

1, with width normalized to one. The origin of the system is placed at the

center of the cavity. Since the system is symmetric with respect to reflection

0 5 10 15 20
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about the mid axis of the tube (which is defined to be the x axis), the even

and odd parity transverse modes do not mix. Thus the two lowest even parity
modes correspond to transverse channel indices n = I and n = 3, respectively
8. Consequently, the "single-mode approximation" for the even parity modes
should be valid from the continuum threshold energy up to the opening of the

n = 3 channel. One can independently construct a single-mode approximation
for the odd parity modes, which would be valid fiom the n == 2 channel

threshold until the opening of the n = 4 transverse channel.

To construct the transfer matrix, one first constructs the auxiliary ma-

trices A and B for the quantum dot geometry. The internal cavity solutions

Xon (Xi y) and X,,o (x, y) defined in (2.26) in Sect. 2.1.4 were calculated by Wu,
Sprung and Martorell [30]

00

sin[K,(x + a)]

M=1

V b IM11 ( Y + I) IXo.(x, y) Rnm
sin(2Kma)

sin
2 b

XnO(X,Y) =Xon(-X,Y)

2= 2 Tn7r

)
2

where k K , ( b
(5.29)

In (5.29) the expansion coefficients Rnn are given by

4n(_l)(,,+1)12 COS[?n"/(2b)] (n, m odd)7rVb- -Tm--/b)2-n2
Rnm 4n (-l),./2 sin[mir/(2b)j (n, m even)

(5.30)
7r Vb_ (m/b)2-n-'

0 otherwise

Whereas the interior cavity matrix elements for the right angle bend are ex-

pressed as a single term (viz., (2.48)), those for the quantum dot are expanded
in an infinite series. The A and B matrix elements are straightforwardly cal-

culated from the cavity functions using (2.31). One obtains

CK)

Rn, Rmr
K,

Anm == E
sin(2K, a)

r=1

C,0

Bnm = ERn,Rmr-
K,

(5.31)
r=1

tan(2K, a)
'

With the matrices A and B given by (5-31), the transfer matrix M can be

constructed from the steps derived in Sect 2.1.4. The bound state and trans-

mission properties can then be calculated using the transfer matrix elements.

In the next chapter the transmission properties will be studied in detail for

the case of the "quantum dot superlattice," which results when a number of

identical quantum dots are connected in series.

Note that modes which have even parity correspond to odd transverse channel

indices, and vice versa..
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If one examines the quantum probability current j defined in (3.26) for

a quantum dot, one expects to see substantial vortex formation associated

with sharp structure in the transmission probability. This should be especially
noticeable in the vicinity of zeroes in the transmission. Lent [99] showed that a

system with a cross, or a single quantum dot, showed strong vortex formation

at the minima in the transmission. Berggren et al. [100] examined quantum

probability flow in a tube with a quantum dot, and found regions of laminar

flow, as well as regions where the flow was dominated by formation of large
vortices. As has been shown in Sect. 3.2, the vortex structure can be quite

complex, and the direction of rotation around a vortex tends to change sign

as one passes through a deep minimum in transmission. This was observed

by Berggren et al. [100] in studies of vortex behavior for the quantum dot.

However, Berggren and collaborators also found that significant vortex

formation, and rapid reversal of flow around the vortices, was occasionally
associated with a maximum in the conductance through a single quantum

dot. This behavior had previously been observed by Lent [99]. An example
of this is shown in Fig. 5.31 (this is the second color plate), which plots
the probability density for a state which is associated with a prominent and

very sharp peak in the conductance. The dimensions of the quantum dot

are w = 2a ==. 100 nm, and b == 200 mn. In this figure, the region with

highest probability is colored dark red and the lowest probability region is

colored magenta. At this energy, a standing wave with 2 1/2 wavelengths
forms in the cross, as is evident from Fig. 5.31. The inset at right shows the

conductance vs. energy for this structure. The energy corresponding to this

plot, E = 3.935 meV, is denoted by the boundary between the red and blue

regions. The formation of the standing wave produces a very narrow resonant

peak in the conductance.

Figure'5.32 plots the quantum probability current of (3.26) (this is the

third color plate). The energy is E = 3.934 meV, which for the dimensions

of this wire is just below the-conductance peak. The directions of the arrows

denote the direction of i at each point. The current enters the quantum dot at

the left of the figure, and exits to the right. The largest value of j is denoted

by violet, and the smallest value of j is denoted by blue. Eight vortices can be

seen in the probability current; the vortices form symmetric pairs on opposite

sides of the central axis of the wire. Comparing Fig. 5.32 with Fig. 5.31, it

is seen that the vortices are centered at the zeroes of the probability density.

Despite the significant number of vortices and stationary points in Fig. 5.32,

the transmission is quite large. The figure shows that a significant amount

of the flux is transmitted around the vortices and through the center of the

wire.

In Fig. 5.33, the fourth color plate, the energy E = 3.937 meV is just above

the conductance peak. Although the increase in energy from Fig. 5.32 to Fig.

5.33 is only 0.003 meV, the direction of flow around each vortex has reversed.

Thus, for some states very large vortex formation can be associated with
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conductance maxima. Just as for vortex flow across a zero in conductance,
the direction of flow around each vortex reverses itself over a very small

energy interval. The reversal in vortex flow occurs as the energy passes the

position of the sharp resonance. The detailed behavior of the vortices is quite
complicated in this region. With very small increase in energy, new vortices

with opposite direction of rotation appear, producing the pattern seen in Fig.
5.33. Note that at this higher energy, the transmitted flux flows around the

top and bottom of the "cross," and then is squeezed to the center of the wire

in passing around the two vortices furthest to the right in this figure.

5.4 Structures with Two Coupled Cells

We have now discussed binding and scattering through a variety of 2-D sys-

tems with a single cell (i.e., a bend or cavity). From the discussion in Sect.

2.1.4, one can describe scattering in a structure with two identical cells in

series, by first calculating the transfer matrix for a single cell, and then mul-

tiplying this transfer matrix for each of the two cells. In the following chapter
this procedure will be extended to study binding or transmission processes

for a series of N identical cells.

This section will investigate systems with two coupled cells; as an exam-

ple, we first consider systems with two coupled bends. It will be shown how

the same qualitative arguments which were applied to structures with a sin-

gle bend can predict the number of bound states, their binding energies and

properties of the eigenfunctions in double bend systems. In this way one can

obtain a qualitative pictures of transmission and probability flow in double

bend systems. To test these results, we will construct waveguides with double

bends, find the frequencies of the confined EM modes, and map out the EM

energy densities, using the methods outlined in preceding sections. The prop-

erties determining the electron conductance in double bend quantum wires of

finite length are reviewed, and theoretical predictions will be compared with

experimental measurements by Wu et al. [66, 152].
Many of the properties of bound states and transmission could be pre-

dicted from analogy with other physical systems. For example, if one has a

pair of identical bends or cavities connected by a very long straight section,
then one would expect the number of bound states, and their energies, to be

nearly identical to those for an isolated cell. Sharp resonance structure will

also be observed in double-bend systems, for energies which accommodate

an integral number of standing waves inside the tube. Such resonances are

analogous to the standing-wave resonances for sound waves in a tube open

at both ends.
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Fig. 5.19. [Inset: schematic picture of systems with two right-angle bends, sep-

arated by a distance 1. (a) "Step" double bend tube. (b) U-shaped double bend.

(Note: for structures with unit channel width, the aspect ratio R = f + 2).] Bound
state energies for a double bend as a function of the aspect ratio R. Upper curves

are for antisymmetric bound states; lower curves are for symmetric bound states.

Solid lines: exact energies c = Eb/7r2 for bound states in step double bend tube.

Dashed lines: exact bound state energies for U-shaped double bend system. Dot-

dashed lines: energies predicted by square-well approximation. Dotted lines: SMA

approximation to bound state energies

5.4.1 Bound States in Systems with Two Coupled Cells

In this section, we examine the number of bound states in a tube with two

identical cells in series. We will limit ourselves to the case where each cell will

support a single bound state. As specific examples, we examine the case of

tubes which contain two right angle bends, shown schematically in Fig. 5.19.

Graph (a) shows the case of the "step" double bend case, while graph (b)
shows the "U" shape double bend system. The next chapter will consider the

case of systems composed of a number of identical cells in series. Following
the notation of [28], we call a structure with a series of steps a "staircase"

configuration, and a system with a series of U bends will be called a "snake"

tube. In Sect. 2.1.5 and Sect. 3.1.1 the bound state and transmission prop-
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erties, respectively, were derived for a system with a single right angle bend.

When the external leads are rescaled to unit width, the binding energy for a

tube with two right-angle bends depends only on the aspect ratio R, the ratio

of the total height of the tube to the width of the legs. When the external

legs of the system are rescaled to unit-width, the aspect ratio R is related to

the quantity 1, the length of the straight section between unit square bends

shown in Fig. 5.19, by
R==1+2 (5.32)

The transfer matrix for the double bend system is obtained by multiplying
the transfer matrices for each"component cell. The transfer matrix for a given
cell can be written as

M = U-1VF (5.33)

where the matrices U and V are given in (2.36). For the snake tube, F in

(5.33) is the unit matrix. For the staircase system, the matrix F has the form

F
f 0 ) ; fn = (-l)n+l (5.34) 
0 f

In Sect. 2.1.5, the transfer matrix equations.-were derived for two-dimen-

sional systems. It was shown that, for bound states and low-energy transmis-

sion, useful insight could be obtained using the single-mode approximation

[SMA], which truncates the expansion in transverse modes to include only
the lowest channel. As an example of the validity of this approximation, SMA

estimates will be derived for the location of bound states in a structure with

two right angle bends. The "unit celP in this case is a unit square coupled
to a straight section of length 1. Since this cell is symmetric about its cen-

ter, all observables can be written in terms of two auxiliary matrices, since

B' = Band A' = A in (2.31) '. In the SMA, the transmission matrix M(2)

through two identical cells in series can be related to the transmission matrix

M through a single cell by

M(2) =

J-

[sin(20)M - sin(O)I] (5.35)
.

sin(O)

Equation (5.35) follows since the matrix M(2) is formed by multiplying the

matrix M, a 2 x 2 matrix with unit determinant, by itself

From (5.35) the transmission amplitude t(2), for elastic scattering through
two cells in the lowest transverse channel, is related to the scattering matrix

for,a single cell by

M(2) [sin(20)MI, - sin(o)]I Ill t(2) sin(O)

The following equations assume that the cells are symmetric with respect to

reflection about a line through their center. The extension- to asymmetric cells

is straightforward.
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= 2 cos(O)Mll - I =
2 cos(O)

I
TM)
- -

I

B i (A2
- B2+ a2)

where M11 = exp(-ia 1) [ A 2aA -1 - (5.36)

In (5.36), [M(2)] 11
and Mll == 1/0) are the (11) elements of the transfer

matrix for two cells in series and a single cell, respectively. B and A denote the

matrix elements Bll and All, respectively, and a = a,. Note that in SMA,
both the "step" and " P double bend systems have the same transmission

amplitude, since when one includes only the lowest transverse mode, F is just.

the 2 x 2 unit matrix. The quantity 0 in (5.36) is the Bloch angle, which is

related to the transfer matrix and the auxiliary matrices by

1
-

B (A2
- B2

+ a2)
. aCos(0) =

2
1 ce[M] = cos(a 1)

A
sin(a 1)

2aA
(5.37)

The condition for bound states in a system of two cells is

[M(2)Ill = 0
. (5.38)

The bound states of (5.38) will occur below continuum threshold, where the

longitudinal momentum in the lowest channel is imaginary, i.e.

a = i1al = iV/ 2 - k2 (5.39)

From (5.36) and (5.37) it is straightforward to show that the bound state

SMA condition, for two cells connected in series and separated by a straight

section of length 1, is

(B + Ja 1)2 - A2 == --Lexp(-Jal 1) JA
2
+Ja12 - B21 . (5.40)

As the tube is symmetric with respect to reflection about its midpoint, the

lower-energy bound state, corresponding to the (+) root in (5.40), will have a

wave function which is symmetric with respect to reflection, while the higher

energy bound state (the (-) root in (5.40)) will be antisymmetric.

The SMA estimate for the bound state energies can be calculated directly

in certain limiting cases. In the limit 1 = 0, (5.40) gives

(B + Jal)2 - A2
= JA2+ Ja 12 - B21 (5.41)

For the case of a tube consisting of two right angle bends, it was shown in

Sect. 2.1.5 that the matrices A and B for a right angle bend system could be

given analytically in the SMA, e.g. from (2.49),

A =

27F2
; B=acot(a) (5.42)

7r2 - a2
I
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In this case the bound state energies can be easily calculated, and one finds

that when 1 0 the SMA predicts a symmetric bound state with energy

es(l) = E,1,K2 0.887. The SMA predicts that the antisymmetric state is not

bound, as its energy gets pushed up -into the continuum, and (5.41) has no

solution when the right hand side is negative.
In the limit as 1 --> oo, when the straight section joining the bends grows

without limit, (5.40) gives the bound state condition

(B + 1011)2 - A2 = 0
. (5.43)

This condition is identical for both symmetric and antisymmetric states; fur-

thermore, it is, the same condition as (2.44) for a single cell. Thus, as the

length of the straight section increases, the symmetric and antisymmetric
bound state energies both should approach the energy for a single bend. In

the limit of large 1, the bound state wave functions are small everywhere

except in the bends. The only difference between the symmetric and anti-

symmetric bound state wave functions, in the large 1 limit (or equivalently,
the limit of large R) is that for the antisymmetric state the wave function

will have opposite sign in the two bends. As 1 --> oo, the symmetric and anti-

symmetric bound state energies should approach asymptotically the energy

of the bound state for the L-shaped system, or Eb = 0.9297r2.

Figure 5.19 plots the bound state energies for the double bend structures,
as a function of the aspect ratio R. The energies are plotted as ratios of

the bound state energy to the continuum threshold, e = Ebl,7r'. The lower

(upper) solid lines are the exact results for the symmetric (antisymmetric)
bound states for the step double bend. The dashed lines are the exact results

for the U double bend. The lower (upper) dotted curves are the symmetric

(antisymmetric) bound state predictions in single-mode approximation, for

I > 0 (R > 2) 10. From Fig. 5.19 one sees that all qualitative features of

the SMA predictions are fulfilled. The exact bound state energies for the

step and U systems are very similar. With increasing 1, the symmetric and

antisymmetric bound state energies approach the same result, the bound
state energy for a single right angle bend. For 1 = 0, the exact symmetric
bound state energy is E,(l = 0) - 0.861, as compared to the SMA estimate

Es(l) (1 = 0) = 0.887. For small values of the straight section, 1 < 0.6 (R < 2.6),
the antisymmetric state is pushed into the continuum, just as predicted by
the SMA, The antisymmetric state then becomes a quasi-bound state. For

systems with many bends, if the straight sections between the bends are

sufficiently short, several of the states will be pushed up into the continuum.

This will be seen in Chap. 6.

.Although the "U" double bend is only defined for 1 > 0, the "step" dou-

ble bend is defined for 1 > -1. However, for, 1 < 0 (alternatively, R < 2)

10 In the single-mode approximation, the step and U double bend bound state

energies are identical.
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neither the SMA estimate nor the effective square well interaction give re-

liable quantitative estimates for bound -Etate energies in this geometry. For

these cases, Sprung [153] has shown that one can produce effective potentials
with other geometries than square wells. For example, one could produce an

effective potential of triangular shape which gives a good approximation to

a tube with a single L-bend. When applied to a system with two steps and

I < R < 2, reasonable estimates of bound state energies can be obtained by

combining two of the triangular effective interactions.

Although qualitatively the SMA predictions for the double bend system

are in excellent agreement with exact results, the SMA estimates shown in

Fig. 5.19 are not quantitatively correct. The SMA predicts a higher value

than the exact result for the bound state energy in the single bend L-shaped
structure. For a tube with a single bend, the difference between the SMA

prediction EM and the exact bound state energy Eb is

JE = C(I) - Eb = 0.946 - 0.929 = 0.017 (5.44)

The SMA predictions for bound state energies in the double-bend system are

also too high, for all values of 1. However, if the SMA estimates for the double-

bend system are corrected by subtracting off 6E, the energy overestimate for

the single-bend structure, there is very good quantitative agreement between

the SMA and exact results in the double-bend system, for all values 1 > 0 and

for both symmetric and antisymmetric states. This can be seen by shifting

downward the dotted curves in Fig. 5.19 so that the curves line up with the

solid curves in the limit of large R.

Fig. 5.20. Effective one-dimensional potential for the double-bend system, using
the single-mode approximation of [138]. The potential is renormalized so that it has

the value 1 in the straight sections of the tube. The effective square well potential
is the same for both step and U geometries (inset in Fig. 5.19)



5.4 Structures with Two Coupled Cells 119

In Sect. 2.1.4 it was demonstrated that a bend in a system produces an

effective potential which can be approximated by an attractive square well.

Thus, in a tube with two right angle bends, each corner can be regarded
as the site of an effective one-dimensional square well. The effective square

well model of Wu, Sprung and Martorell [28] provides a convenient qual-
itative picture of binding in such systems. Figure 5.20 shows the effective

one-dimensional square well potential for the double bend system. The po-

tential parameters in single-mode approximation are given in (2.51). In each

bend there is a square well of depth 3, and the effective potential has the

value 7r2 in the straight sections of the tube. Renormalizing the potential to

have unit magnitude in the straight sections, the potential in each bend is

1 - 3/W2 ,zz 0. 696. The two wells are separated by distance 1 = R - 2, in terms

of the aspect ratio R for the double bend system 11. The effective square well

model also predicts the same binding for the "step" and "U" double bend

structures, just as the SMA.

The lower (upper) dot-dashed curves in Fig. 5.19 are the effective square

well approximations for the symmetric (antisymmetric) bound state energies.
The square well approximation gives a reasonably accurate prediction for the

bound states; however, at large aspect ratio R the square well predictions
are too large. The difference between the square well prediction for the single
bend L-shaped tube and the exact bound state energy is

Jcsw = Esw - Eb = 0.938 - 0.929 = 0.009 (5.45)

If the square well predictions are shifted down by &,w, they give rather

accurate quantitative values for the double bend bound state energies. After

shifting the square well energies, the effective square well predicts that for

R < 2.6 the antisymmetric state will move into the continuum, in good
quantitative agreement with the exact results.

Figs. 5.21b and 5.21c show contour plots of the exact symmetric and

antisymmetric bound state wave functions for the case R = 3, calculated by
Carini et al. [133]. From Fig. 5.19, the bound state energies differ significantly
for this aspect ratio. The contour plots are lightest in regions where the wave

function is large and positive. The shading becomes darker as the value of the

wave function decreases. In 5.21b the wave function is always positive, and

goes to zero at the transverse boundaries of the tube, and at large distances

from the bends of the system. In both cases the wave function has a peak at

each bend. The antisymmetric bound state wave function has a node in the

center of the structure, so the two peaks have opposite sign, in contrast to

the symmetric state where the peaks have the same sign in both bends. As

the aspect ratio R decreases, the interaction between the bound states pushes
the antisymmetric bound state energy up rapidly, relative to the symmetric

When 1 = 0 the two square wells touch, producing an effective square well with

the same depth and twice the width of each single well.



120 5. Transmission in Wires and Waveguides

2
. . . . . .

0.5

1.5

1

0.5

0

2.5

1.5

I

0.5

0

-2 0 1 2 3

Fig. 5.21. Calculated contour plots for bound state wave functions in a long step

double bend tube. (a) Bound state wave function (symmetric), for aspect ratio R =

2. (b) Symmetric bound state, with aspect ratio R = 3. (c) Antisymmetric bound

state, with aspect ratio R = 3. Maximum positive values have lightest shading. The

shading becomes progressively darker as the value of the wave function decreases
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bound state, so that for'R   2.6, the antisymmetric state becomes a quasi-
bound state and moves into the continuum.

For I < R < 2.6 the step double bend structure has only one symmetric
bound state. Figure 5.21a shows a contour plot of the bound state wave

function for R = 2. This has only a single peak in the center of the structure.

Figure 5.19 shows that as R is decreased from 2, the eigenenergy of the

symmetric bound state continues to decrease until it reaches a minimum

energy Eb = 0.852 7T2 at R = 1.69. With further decrease in R, the bound

state energy increases (i.e., the binding energy decreases), and as R --+ 1 the

bound state energy approaches the continuum threshold value'Ej == ?r'.
As was discussed in Sect. 4.3, the bound state energies in curved tubes

can be located by constructing a curved waveguide with the same geometry
and finding the sub-cutoff confined EM modes. A double bend waveguide
structure was constructed"with a shape shown schematically in Fig. 5.30

[133]. Using this apparatus, the aspect ratio R = H1W could be varied

continuously over the range 1 < R < 6. This device was used to measure the

frequencies corresponding to the confined modes (bound states), and map
the electromagnetic energy densities for these confined modes. The confined

modes occur at frequencies corresponding to sharp drops in the reflected

power, as was discussed in Sect. 4.3.

Figure 5.22 plots the experimental values for the symmetric and antisym-
metric waveguide confined mode frequencies (i.e., bound state eigenvalues)
as a function of the aspect ratio R [133]. The experimental results are shown

by data points, and the curve represents the theoretical predictions from Fig.
5.19. A symmetric bound state is seen below the cutoff frequency (fc., indi-

cated by the solid horizontal line) for all values R > 1. Antisymmetric bound

states are observed for R > 3 12. For large values of R the symmetric and

antisymmetric frequencies approach each other closely, as predicted in Fig.
5.19. The symmetric confined mode frequency has a minimum at R ;:Z 1.7

(compared with the theoretical prediction R = 1.69), and then rapidly in-

creases to the cutoff frequency as R ---> 1. The shapes of the theoretical curves

and a line drawn through the data points in Fig. 5.22 are nearly identical.

The field distribution for the bound states was mapped out for a few repre-

sentative values of R, using the two-dimensional mapping technique of Maier

and Slater [130], as reviewed in Sect. 4.3. The resonance was perturbed with

a 1/8" diameter steel ball located at a known position within the waveguide
bend. The relative change in the resonant frequency of the confined mode,
,Af (x, y) Ifo (x, y), was measured as a function of the position of the ball, and

compared with the theoretical prediction of (4.12).
Figure 5.30 shows results of field mapping for the symmetric bound state,

in a step double bend waveguide with aspect ratio R == 3. Red shading de-

12 The antisymmetric state could not be located for R < 3 (numerical calculations

predict antisymmetric bound states for R > 2.6). However, the observed bound

state energies are in good agreement with theoretical predictions.
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Fig. 5.22. Bound state frequencies as a function of aspect ratio R H1W in the

step double bend waveguide (graph (a) of Fig. 5.19). The symbols represent the

experimental results for the symmetric (black circles) and antisymmetric bound

states (gray circles). The lines represent the theoretically determined resonant fre-

quencies calculated from the bound state energies from Fig. 5.19 and the threshold

energy Eth for free propagation: Ad = fcoVEblEth

notes negative frequency shift (large electric energy density), and blue denotes

positive frequency shift (large magnetic energy). The E-field for this mode

has a peak in each bend, and decreases exponentially along the legs of the

waveguide, as is shown in Fig. 5.21b. The largest magnetic energy density

occurs where the surface current densities are greatest near the adjacent side

walls of the waveguide, and also near the location of the antenna, on the

left waveguide section. Figure 5.30b shows the experimental results. Figure

5.30a shows the theoretical calculations for the resonant frequency shift us-

ing (4.12) with r3/(DW2) = 1/576 and choosing the adjustable parameter

co = 2.46. There is generally excellent quantitative and qualitative agreement
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between theory and experiment. Equally good agreement was obtained for

the antisymmetric bound state with this geometry [221.

5.4.2 Tr ansmission Through a System with Two Coupled Cells

In this section we will review transmission properties for particles passing

through a structure with two identical cells in series. As an example, we will

examine the case of a tube with two coupled bends. The following section will

compare theoretical calculations with experimental measurements of electron

conductance in quantum heterostructures. This discussion will focus on the

qualitative features of the amplitudes T for transmission through a 2-D tube

with two cells.

A good qualitative picture is obtained from the single-mode approxima-
tion to the transfer matrix, for two identical cells in series. From Sects. 2.1.4

and 5.4.1, in SMA the transmission amplitude M(N) through N identical cells

has the form

M(N) [sin(NO) M
'

sin((N - 1)0) 1] (5.46)
sin(O)

From (5.46), it is straightforward to calculate the SMA approximation to the

transmission and reflection amplitudes for a structure with N identical cells,

1 1
M(N) -

- [sin(NO) Mil - sin((N - 1)0)]1
11 t(N) sin(O)

IM(N) -

r
(N) sin(NO)

M21 ==

sm(NO) r(l)
(5.47)121 t(N) sin(O) sin(O) (W)) '

In (5.47), t(N) and r(N) are respectively the transmission and reflection am-

plitudes through N identical cells, in the lowest transverse channel. Similarly,
0) and r() are the transmission and reflection amplitudes for a single cell.

The quantities [M(N)] 11
and Mil in (5.47) are the (11) transfer matrix el-

ements for N cells and one cell, respectively, and 0 is the Bloch angle given

by (5.37). For a system with two cells (N = 2), (5.47) reduces to

1
=- 2 cos(O) M11 - I

j(-2)

,r(2) sin(20) r(l)

t(2) sin(O) W)

I I sin(20) 12 1
(5.48)

T(2)
I

Isin(0)12 (T(1)
In (5.48), TM (T(2) ) are the transmission probabilities through a single cell

and two cells, respectively, for energies below the opening of the second trans-

verse mode. From (5.48) one can make a number of predictions regarding
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transmission through two identical cells. Although these results are only true

in SMA, they will be seen to give generally reliable results, until the energy

approaches the opening of the second transverse mode.

 Whenever there is 100% transmission through a single cell (T(1) = 1),
there will also be 100% transmission through two cells at the same wave

number. If a single cell is completely transparent, then it makes sense that

no reflection will occur when a number of identical cells are combined in

series.

 There will also be 100% transmission through two cells for any wave num-

ber where sin(20) = 0. This is just the condition that allows the structure

to accommodate an integer number of standing waves. In SMA, there will

be complete transparency whenever this condition is satisfied. This is the

analog of the condition for sound wave resonances in a tube open at both

ends.

 If the transmission through a single cell is zero, (T(') = 0), the transmission

through two cells will be zero at the same wave number. This can be seen

by inspection from (5.48). This stands to reason since if there is complete
reflection through a single cell at some energy, there will be no incident

flux left to transmit through any additional cells coupled in series.

 Whenever I cos (0) 1 > 1, one has T(2) < TM. For these wave numbers, there

is no allowed path for a particle through the system. The wave function

will be exponentially damped in crossing a single cell, therefore the prob-

ability of transmission through two cells will be less than the transmission

probability for a single cell. In fact, from (5.48) we can make the stronger

statement that T(2) < TM whenever I cos(O) I > 1/2, that is, the transmis-

sion orobability through two cells will be smaller than transmission through

a single cell in parts of the "allowed" region as well.

The only exceptions to this statement occur at points where there is 100%

transmission through a single cell (T(1) = 1), or 100% reflection through a

single cell (T(1) = 0). In both of these cases, T(2) = TM; we have reviewed

these special cases in the preceding bullet points.

Figure 5.23 shows the transmission probability through a system with

two right angle bends. The "cell" in this case is a unit square coupled to a

straight section with length 1 = 4. The upper curve in Fig. 5.23 is the Bloch

phase cos(O). The solid curve in Fig. 5.23 is the exact calculation of Wu and

Sprung [80], and the dotted line is the single-mode approximation. As was

the case for the single bend, the SMA gives very good qualitative agreement

with the exact transmission, except for energies near to the opening of the

second transverse mode (k = 21r) 13

Figure 5.23 confirms the qualitative features predicted in SMA. First, the

transmission through a single cell vanishes at k ;:: ; 1.887r, and T(2) vanishes

In our calculations, we set d = 1 in Fig. 5.23. Also, the quantity T in that figure

is T(2) in our notation.
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Fig. 5.23. Upper figure: cosine of Bloch phase 0 from (2.41) vs. k/7r. Lower figure:
transmission probability T vs. wave number kl,7r for the step double bend tube with

1 = 4. Solid curve: exact result; dotted curve: single-mode approximation. Rom [80]

at that same point. Furthermore, minima in T(') occur when I cos(O) I > 1, as

predicted. In single-mode approximation, the transmission probability TP)

must be one whenever the single-cell transmission probability is one. For a

single right-angle bend, the transmission probability below the second trans-

verse mode is never one., as can be seen from Fig. 3.1. Figure 5.23 confirms

that the transmission probability T(') for the double bend is one whenever

COS(O) = 0.

These maxima in transmission arise due to formation of longitudinal
standing waves in the tube. One way to see this is to rewrite the Bloch

phase as [80]

cos(O) = P cos(al 1 + 0)

P
V(2aB)2 + (A2 - B2 + a2)2

2ajAj

tan(O)
A B + a

(5-49)
2aB

The condition for a zero in cos(O), and hence for a maximum in T(2) in SMA,
is

al + 0 = (n + 1/2),7r (5.50)

0

1 1.2 1.4 1.6 1.8 2
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i.e. that an integral number of half-waves can be accommodated in the tube

at that energy. The SMA is generally valid up to the opening of the second

transverse mode, which occurs at a = V3-7r. Consequently, the number'of

additional maxima in the transmission through two cells, due to vanishing of

the cosine of the Bloch phase in this energy region, should be

N,,,,ax = Int[v/3-1 +  AO/ir] . (5.51)

N,na. in (5.51) is the largest integer less than the quantity in brackets, where

,AO is the change in the angle 0 defined in (5.49) between threshold and the

opening of the second transverse mode. If (5.51) is applied to the double

bend tube with geometry corresponding to Fig. 5.23, one has 1 = 4, and one

can straightforwardly calculate the phase change zAO - 37r/2. Therefore, the

SMA predicts eight maxima in the transmission through two cells up to the

second transverse mode. Fig. 5.23 shows that the number of transmission

maxima agrees with exact calculations, and for k/,7r < 1.8 the locations of

the maxima are very close to the SMA predictions.

5.4.3 Electron Conductance in Double-Bend Quantum Wires

The conductance G for electrons through a curved quantum wire is given by
the Landauer formula of (3.37), which was derived in Sect. 3.4,

G =

2e2E'Tr(TtT) (5.52)
h

the sum being over the open channels. In the Landauer formula for the con-

ductance, the transmission probability TtT is summed over all energetically
accessible channels. Consequently, one should be able to understand the ma-

jor features of electron conductance through wires with two or more cells,

in terms of the transmission amplitudes discussed in the preceding sections.

For systems with a single cell, the conductance was observed to have sub-

threshold peaks arising from tunneling through the bound states in the wire.

The conductance exhibited sharp structure associated with the opening of

each new,transverse mode, and (to the extent that coupling between chan-

nels could be ignored) tended to possess "plateaus" in units of Go = 2e21h
after the opening of a given transverse mode. In this section we first review

theoretical calculations of electron conductance in simple models of quantum

heterostructures, and then compare theoretical predictions with experimental
data.

Theoretical calculations of electron conductance typically compute G as

a function of the electron energy for fixed geometry. Several groups [66, 104,

127, 154, 155, 156, 157, 1581 have examined the conductance for a quantum

wire with two right angle bends. Figure 5.24 shows the conductance for a

double bend structure (shown in the inset) calculated by Wang [104]. The

figure shows G, in units of 2e'/h, vs. electron energy EF in meV, for zero
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Fig. 5.24. Conductance G in units Go 2e2/h vs. electron energy EF for a double

bend quantum wire with width W = 80 mn, external leads of length L = 70 nm,

and aspect ratio R = 2.5 (inset). Assuming an effective mass appropriate to a

GaAs/AlGaAs heterostructure, the continuum threshold is at Eth = 0.88 meV.

Two sharp peaks near the conductance threshold are noted by downward arrows.

These peaks occur at EF = 0.77 meV and 0.93 meV. An upward arrow marks the

location of a deep dip in the conductivity, at EF = 5.90 meV. Rom [1041

temperature electrons in a wire with two right angle bends, coupled to 2DEG

reservoirs at each end of the wire. The wire dimensions are: external lead

length L = 70 nm, width W = 80 mn, and aspect ratio R = 2.5. Normalized

to a wire of unit width, the dimensionless external lead length is 0.875 and

the straight section between bends has length 1 = 0.5. For this geometry,
14

assuming an effective mass appropriate for a GaAs system ,
the continuum

14
For all quantum wire systems considered in this and the following chapter, the

electron effective mass is assumed to be m* = 0.067m,, appropriate for electrons

in GaAs/AlGaAs systems.
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threshold energy is Eth = 0.88 meV. The n = 2 and n = 3 transverse mode

thresholds occur at energies E2 = 3.51 meV and E3 = 7.89 meV, respectively.
The following qualitative features are observed in the conductance. First,

two very sharp peaks are observed at or below conductance threshold (noted
by the arrows pointing downward in Fig. 5.24). Above threshold, the con-

ductance rises rapidly. The maximum of the first conductance plateau is one

(in units of Go), but two or three sharp peaks are observed below the second

transverse mode. Just before the opening of each new transverse mode, there

is a deep dip in the conductance. This dip gives nearly zero conductance for

energies shortly below E2, and another deep minimum occurs just below the

third transverse mode. In the second conductance plateau, there is also some

sharp structure but for the most part the conductance is approximately one.

After the third transverse mode opens the conductance increases to roughly
1. 9 - -2GO.

All these features follow from our understanding of the transmission am-

plitudes. The two peaks below or just at the continuum threshold are due

to electron tunneling through the bound and quasi-bound states in the dou-

ble bend wire 15. The sharp conductance peaks in the first "plateau," below

the opening of the second transverse mode, occur at wave numbers where

standing waves can be set up in the wire. Both the number and approximate
location can be obtained from the SMA condition cos(O(k)) = 0, where 0 is

the Bloch phase given in (5.37). The deep mininia in the conductance, seen

just before the opening of the second and third transverse modes, are mani-

festations of the destructive quasi-bound resonances which were discussed in

Sect. 3.1.1. This minimum just below the second transverse mode has been

observed using microwave studies in a double bend waveguide. Figure 4.3

shows the transmission probability in a waveguide with two bends and an

aspect ratio R = 6, as a function of the microwave frequency, as measured

by Harle [136]. The deep minimum at a frequency near 15 GHz is caused by
the quasi-bound state.

For an ideal straight wire, it was shown in Sect. 3.4 that the conductance

increased in integer steps of the "quantum" of conductance Go =: 262/h.
Although a second conductance plateau appears when the second transverse

mode opens, the theoretical conductance G in Fig. 5.24 does not get much

larger than one except for the occasional sharp maximum. Similarly, in the

third conductance plateau the conductance does not exceed about 1.9 in units

of Go. This occurs because of the substantial channel coupling for the double

bend system. A large amount of reffection is caused by the two sharp bends

in the wire, and this reflection prevents the conductance from showing the

unit jumps typical of more transparent geometries.

From Fig. 5.19, for a double-bend system two bound states will exist when the

aspect ratio R > 2.6. For this structure, with R = 2.5, there should be a sub-

threshold conductance peak from the bound state, and a conductance peak just
above continuum threshold from the quasi-bound state; this is what is observed

in Fig. 5.24.
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Fig. 5.25. Conductance vs. width for a quantum wire with two go' bends. Curve

A is calculated for a channel with circular bends, as shown in the inset. Curve B is

the conductance for the corresponding wire with right-angle corners. aom [66]

Wu et al. [159] compared electron conductance through quantum wires

with two circular bends with 90' bend angle, and wires with two L-shaped
bends. Some features of the transmission, such as subthreshold conductance

peaks from tunneling through bound states, and quasi-bound states at en-

ergies just below transverse mode thresholds, should be qualitatively similar

for both geometries. However, one expects the reflection to be much smaller

for circular bends than for right angle bends, based on the increased reflec-

tion in the L-shaped system. These expectations are borne out in the work

of Wu et al.. Figure 5.25 shows their calculation of conductance vs. width for

zero temperature electrons of fixed energy. Varying the width of the wire for

fixed energy electrons has some similarities to varying the wave number k for

fixed geometry. There is a minimum value of W, below which no continuum

conductance is allowed. New transverse modes become allowed at equal in-

tervals of W. In this calculation the distance L,c between the centers of the

two bends was kept constant, and for this graph Lcc 177 nm 16.

The lower curve (labeled B) is the conductance for two L-shaped bends,
while the upper curve (labeled A) is for two circular bends each with a total

bend angle of 90'. For circular bends the conductance exhibits jumps of

almost unit magnitude (measured in the fundamental units 2e21h) with the

opening of each new transverse mode. The circular bend system is almost

reflectionless, so except for small conductance fluctuations just above each

transverse mode threshold, the conductance remains almost constant until

the opening of the next transverse mode. Extremely sharp and deep dips in

16
Note that varying the channel width for fixed energy and fixed length between

the two bends changes the aspect ratio of the wire.



130 5. Transmission in Wires and Waveguides

conductance, due to the destructive quasi-bound resonances introduced in

Sect. 3.1, are observed just below each transverse mode opening.
For right-angle bends, the jumps in conductance associated with opening

of new transverse modes are much smaller. There is far greater reflection

due to the sharp corners. Furthermore, there are pronounced maxima and

minima in transmission through the right angle bends, which occur at energies
where standing waves can be set up in the wire. These oscillations occur also

for the circular bends, but since the single-bend transmission probability is

almost one, the relative size of the oscillations is much smaller than for the

L-shaped bends. Finally, the quasi-bound state resonances, just below the

opening of each transverse mode, produce deep and rather broad minima

in the conductance for the L-shaped bends, rather than the very sharp dips
seen for circular bends. As was discussed in Sect. 3.1.1, this occurs because

for right angle bends the coupling of the quasi-bound states to the open

channels is considerably larger than for circular bend systems. As a result

the resonance has a significantly greater width for the sharp bend wires,
which makes the conductance minimum relatively broad. For the circular

bend wire the channel coupling is very weak, which produces a quasi-bound
state with an extremely narrow width.

The two sharp conductance peaks below the threshold for continuum

transmission (the peaks with downward arrows in Fig. 5.24) arise from elec-

tron tunneling through the bound and quasi-bound states in the wire. Wang,

Berggren and Ji [127] examined in detail the conductance near threshold,
and the influence of quantum wire geometry on these tunneling peaks. Fig-

ure 5.26 shows the near-threshold conductance for zero temperature electrons

in a quantum wire with two right-angle bends, for five different geometries.
In all cases, the structures have external straight leads of length L = 50 nm,

and wire height H = 100 nm. The width W and aspect ratio R of the wire

are varied. The system dimensions are listed in Table 5.1, along with the

renormalized lead length and aspect ratio. Note that since the width of the

quantum wires is varied, the continuum threshold energy Eth changes for

each different geometry.

Figure 5.26, calculated by Wang, Berggren and Ji [127], shows the near-

threshold conductance as a function of the geometry of a quantum wire with

two L-shaped bends. This can be understood by reviewing the properties of

bound states in such systems, as was discussed in Sect. 5.4.1. For aspect ratio

R > 2.6, a wire with two right angle bends will possess both a symmetric and

antisymmetric bound state. However, with increasing aspect ratio, Fig. 5.19

shows that the energies of the two bound states will become more and more

identical. At some aspect ratio, the two bound state peaks will coalesce and

only a single peak would be observed. For R = 2.6, the symmetric state is

bound but the antisymmetric state appears right at the continuum threshold.

For smaller values of R, only the symmetric state will be bound, and the

antisymmetric state will appear as a quasi-bound state in the continuum.
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Fig. 5.26. Conductance G (in units Go = 2e21h) as a function of the Fermi energy

EF for a double bend quantum wire (graph (a) of Fig. 5.19). System dimensions and

threshold energies are given in Table 5.1. For clarity, each curve is offset vertically
by two units in Go. From [1271

Table 5. 1. Dimensions of double bend wires in Fig. 5.28

Wire parameter I a) b) C) d) e)

height H (nm) 100 100 100 100 100

external lead 1 (nm) 50 50 50 50 50

width W (nm) 70 60 50 40 30

aspect ratio R 1.43 1.67 2.00 2.50 3.33

renormalized lead 0.714 0.833 1.00 1.25 1.67

threshold Eth (meV) 1.45 1.56 2.24 3.51 6.24
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These features are observed in the calculated conductance. Curve e in

Fig. 5.26e, which corresponds to aspect ratio R == 3.33, clearly shows two

well separated peaks below the continuum threshold at 6.24 meV. The lower

energy peak is the symmetric state and the peak at higher energy is the

antisymmetric bound state. For curve d in Fig. 5.26, corresponding to R =

2.5, tunneling through the symmetric bound state -produces a sharp peak
below conductance threshold. The antisymmetric state produces a peak in

the conductance at an energy slightly above the continuum, which opens up

at 3.51 meV. For smaller aspect ratios, the antisymmetric peak moves up into

the continuum, as shown in Fig. 5.26 (c), (b) and (a). For sufficiently small

aspect ratio the antisymmetric quasi-bound state merges with the continuum

and is no longer visible in the conductance, as can be seen in curve a of Fig.

5.26, which corresponds to aspect ratio R = 1.43.

In Sect. 3.5 it was demonstrated that as the electron temperature in-

creases, the zero temperature conductance peaks broaden and eventually dis-

appear. Figure 5.26 is a zero temperature calculation. Wang, Berggren and

Ji [127] showed that the width of the subthreshold peaks increased rapidly
with increasing electron temperature, and the height of the peaks decreased

correspondingly. For example, they showed that for T = 1.16 K the height of

the lower (upper) peaks in curve e of Fig. 5.26 were reduced by factors of 10

and 5, respectively, from their T = 0 values.

Experimental studies have been carried out for quantum heterostructures

with a shape which approximates a wire with two right angle bends, by Wu

et al. (66, 152, 1591, and also by Hannan et al. [160]. Figure 5.27b shows a

scanning electron micrograph of the double bend split-gate structure, and

5.27a gives a schematic picture of the bent system. It looks very similar to

the double bend structure shown schematically in Fig. 5.24. As was discussed

in Sects. 3.3 and 3.4, one assumes that the quantum heterostructure can be

described as a conducting surface with a double bend, connected on both

sides by a two-dimensional electron gas (2DEG). In addition, it is assumed

that the potential is constant inside the bent wire, that the wire has a sharp

boundary with a hard wall Potential at the surface, and that the electron

transmission is well described in terms of single-particle ballistic motion.

Figure 5.28a shows measurements by Wu et al. of conductance vs. gate

voltage in the double-bend quantum wire, for three electron temperatures

[66]. As was discussed in Sect. 3.3, varying the gate voltage modifies the ef-

fective dimensions of the quantum wire. At T = 100 mK (curve Gl), there

are clear "plateaus" in the conductance vs. gate voltage. The plateau struc-

ture becomes less pronounced as the electron temperature increases, and at

the highest temperature (T = 4.2 K, curve G3) the plateau structure has

disappeared. As was described in Sect. 3.4, increasing the electron temper-

ature means that the conductance is averaged over progressively larger en-

ergy intervals, and this averaging eventually washes out the zero temperature
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W

Fig. 5.27. (a) Schematic of epitaxial layer structures and split-gate structure used

by Wu et al., [66] to produce double bend constriction. The split gate heterostruc-

ture has the same form as shown in Fig. 3.7a. (b) Scanning electron micrograph
of double bend split-gate structure. (c) Change in effective width W, and aspect
ratio R,- of double bend constriction with gate voltage. As the gate voltage is made

more negative, the effective dimensions of the quantum wire change from the solid

to the dashed lines
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Fig. 5.28. (a) Measurement by Wu et al., [66], of conductance vs. gate voltage

V, for double bend wire shown in Fig. 5.27 at three electron temperatures, 100 MK

(GI), 1 K (G2) and 4.2 K (G3). (b) Conductance of sample at temperature 250 mK,

in the region of the lowest plateau
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structure in the conductance. Figure 5.28b shows an expanded graph of the

conductance at temperature 250 mK, in the region of the lowest plateau.
As the gate voltage becomes progressively more negative, the effective

width of the quantum wire decreases and the aspect ratio increases, as is

shown schematically in Fig. 5.27c (the effective dimensions move from the

solid to dashed curves as the gate voltage becomes more negative). For small

negative gate voltages, many transverse modes will be open, and one expects
that the resulting conductance will be large. As the gate voltage becomes

progressively more negative, the effective width decreases, the number of

open transverse modes decreases and the conductance should show down-

ward steps. Some gate voltage Vo will correspond to the threshold for con-

ductance, since at that voltage the effective width W,(Vo) = 7rlkF will equal
the threshold for continuum transmission through the channel. Except pos-

sibly for subthreshold effects arising from tunneling through boundstates in

the quantum structure, there should be zero conductance for gate voltages

more negative than V0.
The qualitative expectations outlined in the preceding paragraph can be

compared to the experimental data shown in Fig. 5.28. Plateaus in the con-

ductance appear at roughly equal intervals of the gate voltage. If the effec-

tive channel width is assumed to vary linearly with the gate voltage, this

would give qualitative agreement with the experimental data. In fact, from

the "width" of the plateaus with respect to the gate voltage, one can estimate

the effective width as a function of the gate voltage.
IOne striking feature of the double-bend electron conductance of Fig. 5.28b

is the presence of a peak which appears to be located below the first conduc-

tance plateau, and a second peak which is close to, and possibly below, the

conductance threshold (these are the experimental peaks seen at Vg = -2.78

V and V. = -2.74 V, respectively, and labeled a and a' in Fig. 5.28b). The

observed peaks could arise either from electron tunneling through the bound

states caused by the bending of the quantum wire, or they could be due to

scattering through impurity states. The latter possibility was suggested by
Wu et al., based on calculations by McEuen et al. [67) and Alphenaar et

al. [161] of the transmission due to tunneling through an impurity site in a

constriction.

The theoretical calculations of Wang [1041, shown in Fig. 5.24, show two

sharp sub-threshold conductance peaks. However, in Wang's model, the ex-

ternal leads of the wire are very short, and the wire has a small aspect ratio.

Both conditions are crucial for observing sub-threshold tunneling through
the bound states. The bound state wave function decays exponentially in the

leads, so as the leads increase in length the sub-threshold conductance peak
becomes so small that it cannot be observed. If the effective aspect ratio R

is large, the two sub-threshold bound states will coalesce into a single peak,
as is clear from Fig. 5.19. Carini et al. [158] estimate that for gate voltages

Vg - -2.75 V, the effective aspect ratio of this wire will be about 8, and at
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t.his value the symmetric and antisymmetric bound state energies are identi-

cal. Therefore, the most likely f,-)r the conductance peaks, seen

at or below the first conductance plateau in Fig. M8b, is scattering through

impurity states.

In Fig. 5.24, there is a deep minimum in the conductance at E = 5.90

meV (indicated by the upward arrow). As was mentioned in Sect. 3.2, minima

in the transmission are generally accompanied by formation of large vortices

in the quantum probability current. The size and location of the vortices pre-

vents flux from being transmitted through the wire. Wang [104] showed that

substantial vortex formation occurs at this energy. Incoming flux is squeezed
to pass through the vortices, and this decreases the transmission through
the wire. As was observed in Sect. 3.2, the rotation of the probability cur-

rent about the vortices changes direction very rapidly as the electron energy

passes through the conductance minimum. For electron energies sufficiently
far above or below this conductance minimum, the probability flow once again

becomes laminar.

Substantial vortex formation associated with a conductance minimum is

also seen in systems with two circular bends. Berggren and Ji [102] and Ji [103]
considered transmission through a tube with this geometry. If one studies

the quantum probability flow through such a system, a zero or very deep
minimum in the transmission will generally be associated with the formation

of large vortices in the probability current. At these energies, the direction

of rotation about a given vortex will change sign extremely rapidly as the

particle energy crosses the zero in transmission. Berggren and Ji [128] studied

the electron probability flow through a tube with two circular bends. The

probability current distributions are shown in Fig.. 5.29, where the electron

energy corresponds to a deep minimum in conductance just below the opening

of the second transverse mode.

As was discussed in Sect. 3.2, the decrease in the conductance is accompa-

nied by the sudden appearance of vortices in the velocity flow, which increase

in size as the conductance decreases. Figure 5.29a is taken at an energy just

below the zero in the conductance. At this energy, several dramatic vortices

dominate the velocity flow. The stream lines form very large, roughly triangu-

lar areas around the large vortices. Each successive vortex rotates in opposite

directions, with fixed points occurring at the tube boundaries. Transmission

through the system is dramatically reduced because stream lines traveling

through the tube must avoid these large vortices. Figure 5.29b shows an

energy just above the. deep minimum in the conductance, where the conduc-

tance is once again increasing (G = 0.4(2e21h)). The vortices are still"present
but have reversed in sign over a very small energy interval, as was Predicted

in Sect. 3.2. The vortices disappear rather rapidly with further increase in

energy, and the flow is laminar once the conductance again reaches a plateau.
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Fig. 5.30. [Inset: design for a tunable double-bend waveguide, from [1341. Light
and dark shapes represent identical aluminum plates with the second plate inverted

with respect to the first. The empty space between the plates forms a waveguide
double bend. Relative motion in the direction of the double arrow varies continu-

ously the aspect ratio R. Small holes (black dots) provide clearance for semirigid
coaxial lines.] (a) Theoretical contour plot of resonant frequency shift Afo/fo for

the lower frequency confined mode in a double bend waveguide with aspect ratio

R = 3.0, from (4.12). (b) Experimental measurement of resonant frequency shift

for electromagnetic field energy. Red denotes negative frequency shift, blue denotes

positive frequency shift. The most negative frequency shift was - 152 MHz (expt),
while theory predicted -127 MHz using enhancement factor co = 2.46 in (4.12).
The most positive shift was 34 MHz (expt), while theory predicted 23 MHz
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Fig. 5.34. Photonic band structure for the modes of a triangular array of air

columns in a dielectric substrate, as shown in Fig. 7.1b. The lattice parameter

is r/a = 0.48. Blue lines represent TM bands, and red lines show TE bands. A

complete photonic band gap exists for both polarizations, and is shown as the

horizontal yellow band. The inset shows high-symmetry points at the corners of the

irreducible Brillouin zone (shaded light blue region). Rom [25]
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Fig. 5.35. Projected band structure of TM modes for a waveguide in a square

lattice of dielectric rods in air. The blue shaded region contains the continuum of

extended crystal states. The yellow region is the photonic band gap. The red line

is the band of guided modes inside the waveguide, which is formed by removing
one row of dielectric rods in the (10) direction in the crystal as shown in the inset.
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Fig. 5.36. (a) Computed transmission and reflection coefficients for EM pulses

traveling around a waveguide containing a sharp 90' bend, carved out of a square

lattice of dielectric rods. (b) Displacement field of a TM mode traveling through
the waveguide bend. Rom Refs. [25] and [162]



6. Two-Dimensional Systems with Finite

Periodic Structure

In Sect. 5.4 bound state and scattering properties were analyzed for the case

of two-dimensional structures (tubes or wires) with two identical elements, or

"cells." In this chapter that analysis will be extended to treat systems which

contain a finite periodic series of identical cells. The qualitative features of

bound states, transmission and conductance will be derived for such systems.
The structure which emerges in systems consisting of identical cells in series

will be illustrated with two general examples. The first example discussed will

be systems which consist of a series of identical right angle bends separated
by straight sections. The second general example will consist of tubes in

which a number of identical T-stubs, or quantum dots, are connected in

series. Many groups have investigated scattering phenomena in such systems
[38, 75, 80, 104, 140, 141, 163].

Although the conductance in these 2-D systems frequently shows much

detailed structure, this book will focus primarily on the main qualitative ef-

fects which emerge, in the limit as more and more identical elements are

connected in series. In Sect. 2.1.4 it was shown that transfer matrix methods

were particularly suited to treating transmission through a series connection

of N identical components. This occurs because the transfer matrix M for a

single cell gives the transmission amplitude for propagation across an individ-

ual component of the system. Consequently transmission through N identical

cells is obtained by multiplying the single cell transfer matrix M N times. In

Chap. 2 it was proved that either a bend or a cavity in a tube could be well

approximated as the site of a local attractive potential. If a particle moves

through a system containing a series of identical components, it traverses

a regularly spaced sequence of identical effective potentials. In solid state

physics, this is just the physical situation which produces band structure for

electrons. Consequently, in the limit of a system with a very large number of

identical elements, one expects to see band structure emerging in the particle
transmission amplitudes 1.

We will find that for finite periodic systems, regularities in the transmis-

sion coefficients - alternating regions ofallowed transmission and essentially

Perhaps "bend structure" would be a more appropriate term for the bands in the

transmission spectrum caused by the periodic effective attraction arising from a

series of bends in a tube.

ute
J. T. Londergan, J. P. Carini and D. P. Murdock: LNPm 60, pp. 145 - 179, 1999© Springer-Verlag Berlin Heidelberg 1999
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zero "forbidden bands", analogous to the band structure in infinitely periodic

systems - do appear in these 2-D systems. It is interesting how rapidly the

band-like features arise in finite periodic systems. As will be seen, "miniband'

structure will appear when even relatively small numbers of components (say,
three) are connected in series. The emergence of miniband structure in trans-

mission, arising from the periodic (but finite) structure of serially connected

systems, was emphasized by Sols et al [38, 140]. The main qualitative features

of low-energy transmission in periodic systems, in particular the origin of for-

bidden and allowed bands, are found in the single-mode approximation to the

transfer matrix. This formalism has previously been studied for systems with

one and two elements or cells; the miniband structure which emerges here is

the natural extension of the results obtained in preceding sections.

This chapter begins with a review of the number of bound states, and their

properties, which are found in a 2-D system with N identical cells. Sect. 6.2

reviews the general features of transmission through tubes with finite peri-
odic structure. Using the transfer-matrix formalism, it will be demonstrated

that miniband structure arises in such systems, and that this gives rise to the

familiar band structure in the limit as the number of cells becomes infinitely

large. Sect. 6.3 analyzes transmission properties in two types.of periodic Sys-

tems: tubes containing a series of identical right angle bends, and systems

composed of a series of identical T-stubs (in quantum heterostructures, this

is the so-called "quantum dot superlattice" structure [141]). In Sect. 6.4 we

review briefly the qualitative effects produced when one element is modified

in an otherwise identical series of cells. This is the analog of a single "defece'
in a crystal.

6.1 Bound States in Periodic 2-D Systems

For a single cell, the bound state condition for the transfer matrix is

Mil =0 , (6.1)

for energies below the continuum threshold. At these energies, the longitudi-
nal channel momenta are all imaginary, i.e.

 )_2a, = ijanj = iv' (n - V (6.2)

In SMA, the bound state condition for a single cell has the form of (2.44),

(B + jal)2 = A2
. (6.3)

In Chap. 2 it was proved that at, least one bound state exists for a tube which

becomes straight at large distances, and which has at least one isolated bend

or cavity. In the case of N identical cells connected in series, the system will

have a bound state at wave numbers k below continuum threshold where
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[M(N)] ii(k) = 0 (6.4)

where M(N) in (6.4) is the transfer matrix for the N-cell system.
The finite periodic 2-D geometries studied in this book consist of coupled

elements in which a single isolated cell contains exactly one bound state. If

a single cell will support one bound state (i.e., there is one energy below

continuum threshold where M11 = 0 for a single cell), then in a periodic
system with N identical cells in series, the single bound state supported by
one cell is converted into a "miniband" of N states. The interaction between

states located at different sites in the system will shift the eigenmodes from

their value for a single isolated cell. If the resulting modes are located below

the continuum threshold, they will be real bound states. If they are shifted

above continuum threshold, they will appear as quasi-bound states.

Sect. 5.4 examined the case of two identical cells in series, separated by
a straight section of length 1. The number of bound states, and the relative

separation,between the energies of the different bound states, was studied as

one varied the length I of the straight channel separating the cavities. For

two cells in the limit 1 --+ oo, it was demonstrated (in SMA) that the two

bound state energies became degenerate, with energy equal to the bound state

energy for a single isolated cell. This will also be true for N cells in series. In

the limit of infinitely long connecting straight sections between elements, the

wave functions in the individual cells do not interact. The system will have

N bound states which are degenerate in energy, and all of the bound state

energies are equal to the bound state energy for a single cell.

In Sect. 2.1.4, we introduced the transfer matrix approach for systems

containing a single structure or cell. For binding and low-energy scattering,

good qualitative estimates were obtained with the "single-mode approxima,
tion" [SMA], where all transverse channels were neglected except for the

lowest mode. In SMA, it was shown in (2.45) that the transfer matrix M(N)

for N identical cells could be written in terms of the transfer matrix M for a

single cell and the Bloch phase 0,

M(N)
'L

[sin(NO)M - sin((N - 1)0)I]
sin(O)

[M(N)],, (6.5)
tN

In (6.5) the quantity tN is the elastic scattering transmission amplitude.
Below continuum threshold, the matrix M is real. The subthreshold re-

gions can be characterized in terms of the Bloch phase, just as the contin-

.uum region was analyzed. Regions where I cos(O)l < 1 are "allowed' regions,
where 0 characterizes the phase shift across a single cell, and regions with

I cos(O) I > I are "forbidded' regions. In forbidden regions, the wave function

decreases exponentially in crossing a single cell. It is straightforward to show

[153] that in allowed regions (2.45) can be rewritten as
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[M(N)]11
sin(NO + 5)

sin(J)

sin(o)
tan(6) =

Mil - cos(O)
(6.6)

In forbidden regions, it can be shown that

[M(N)111 = (_,)(Np)
sinh(NO + 77)

sinh(77)

tanh(77) =

sinh(O)
- (6.7)

(-l)PM,l - cosh(O)

In forbidden regions, the Bloch phase is defined as 0 = iO + p7r, where p = 0

if cos(O) > I and p = 1 if cos(O) < -1. We also define ij 2.

In allowed regions, the bound state condition is

NO+J=m7r , (6.8)

for some integer m. Any time this condition is satisfied one has a bound state

for the N-cell system. For the simple geometries studied in this book (circular
bends, sharp-angle bends, quantum dots) the effective potential for each cell

can be expressed as a square well. A tube consisting of identical cells thus

has an effective potential which looks like a series of identical square wells,

spaced by equal intervals. In systems composed of series connections of N

identical cells, we have never found bound states in "forbidden" regions. The

bound state wave functions which occur in the allowed regions are distributed

throughout the N cells.

All the systems studied in this book are symmetric with respect to re-

flection about the center of the tube. If one arranges the bound states in

the "allowed" regions in order of increasing energy, the Mth bound state will

possess m - 1 nodes, and the bound states will form alternating states with

even and odd parity, respectively, with respect to reflection. Along the lon-

gitudinal direction, the bound states occurring in allowed regions resemble

somewhat the N lowest standing waves on a string fixed at both ends.

For sufficiently large values of 1, the straight sections connecting adjacent

cells, the resulting wave functions are essentially zero in the straight sections,

and the wave functions in each cell look almost identical, differing only in

the.sign of the wave function -in each cell. In the limit of very large 1, it

can be understood why all bound states should become degenerate, at the

energy for a single cell. From (2.37) and (2.42), we see that as 1 ---+ 00, both

the Bloch angle and the transfer matrix element M11 grow exponentially

and become very large below continuum threshold, except in the immediate

vicinity of the bound state (the point where Mil = 0). Thus, the allowed

region becomes extremely narrow, and all N bound states are found in this

2
Note that with this definition for q, it is possible that 77 is not a real angle.
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region. As the straight sections 1 decrease in length, the bound states interact

with one another. The bound state energies, which are initially degenerate for

very large 1, broaden to become a "miniband" of energies. The requirement
that the higher modes possess an increasing number of nodes pushes these

modes progressively higher in energy, until for sufficiently small separation
between adjacent cells, the higher modes move above continuum threshold

and become quasi-bound states.

The bound states which occur in forbidden regions have much different

character from those occurring in allowed regions. From (6.7), the condition

for bound states in forbidden regions is

NO+,q=O (6.9)

Whereas bound states in allowed regions occur whenever the sum of the

phases goes through an integer times ir, as seen from (6.8), bound states in

forbidden regions will only occur when NO and q are equal and opposite.
As these states are below the continuum threshold, the wave function decays
exponentially as one goes into the external leads, and as they are "forbidden"

inside the cells, they also decay into the interior of the tube. These states are

thus localized right at the junction of the cells with the external leads. Such

states are fairly common in condensed matter physics, where they are known

as "surface states."

A review of surface states (together with the history of this field) is given
in the book by Davison and Steslicka [164]. A series of identical effective

one-dimensional square wells, which we have discussed up to this point, will

not produce surface states. Such states might be produced if one or more

cells were modified in an otherwise periodic series. This is the analog of

the effect of "defects" in a crystal, and will be covered briefly in Sect. -6.4.

Surface states produced by modifying the outermost cell in a series are called

"Tamm states" [165]. Surface states produced through def cts in a series of

cells, which give rise to a band crossing which produces surface localization,
were first described by Shockley [166]. Examples of surface states are found

in the review of defects in Sect. 6.4, and will also appear in our discussion of

photonic crystals in Chap. 7.

For electrons in quantum wires, the conductance is related to the trans-

mission amplitudes through the Landauer formula of (3.37). Bound states

appear as subthreshold peaks in the conductance, and quasi-bound states

are seen as low-energy peaks just above continuum threshold. As was dis-

cussed previously, the subthreshold conductance peaks characteristic of true

bound states are quite sensitive to the wire geometry. If the external straight
sections of the wire are sufficiently long, the peaks will become so small and

narrow that they cannot be seen experimentally. If quasi-bound peaks are

sufficiently far above continuum threshold, they will become so broad that

they cannot be separated from the continuum. An example of this can be

seen in Fig. 5.26.



150 6. 2-D Systems With Finite Periodic Structure

0.95

0.9

0.85

0.8

0.75

0 1 2 3 4

Fig. 6.1. Bound state energies E == Eb/ir' for a ten-bend tube with open ends, vs,

the length 1 of the straight section joining adjacent bends. Solid lines are for the

snake shape (b); dotted lines are for the staircase shape (a), both illustrated in the

inset for 1 = 1. The horizontal dashed line represents the bound state energy for a

tube with a single right angle bend. From Wu and Sprung, [80]

As a simple example of a periodic system, consider a tube composed

of a series of identical sharp right angle bends. Two basic geometries will

be considered for this structure: the multistep or "staircase" shape and the

"snake" type (these are respectively shapes (a) and (b) shown in the inset

to Fig. 6.1). Each cell consists of a unit square, coupled to a straight lead of

length 1. A system with a single L-bend was studied in Sects. 2.1.5 and 3.1.1.

Tubes with two right angle bends were discussed ,in Sect. 5.4. The transfer

matrix for a single cell, for a tube with L-shaped bends, has the form

M = U-1VF
, (6.10)

where U and V are defined in (2.30). For the snake tube, the matrix F is the

unit matrix; for the staircase tube, F is defined in (5.34). The bound state

energies for a tube with N cells are obtained from the solutions of (6.4).
Note that in the single-mode approximation F is just the unit matrix, so the

SMA predicts that both bound state energies and low-energy transmission

properties should be identical for staircase and snake tubes.
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Figure 6.1 plots the exact bound-state energies for a tube with ten bends

and open ends, as calculated by Wu and Sprung [80]. The quantity plotted
2is e = Ebl-x ,

the ratio of the bound state energy to the continuum threshold

energy. This is plotted against 1, the length of the straight section between

bends (in units of the tube width). The solid curves are the exact bound state

energies for the snake tube; the dotted curves are the energies for the staircase

shape. The bound state energies for the two configurations are remarkably
similar, in agreement with the SMA prediction of identical binding energies.
In the limit as the length of the straight section 1 --+ oo, the energies of all

bound states become identical, and they approach the bound state energy of

a tube with a single L-shaped bend, i.e. Eb = 0.9291r2 ('Eb = 0.929); this is

the straight dashed line in Fig. 6.1. The "miniband" of ten energy states is

the generalization to N 10 bends of the result for the double bend system,
shown in Fig. 5.19.

Consider the case 1 0, where a multibend system is formed by joining

together a series of N unit squares with no straight connecting leads. For

this geometry, in the limit where the numb'er of cells N is large, the energy

of the lowest bound state can be predicted using the effective square well

potential introduced in Sect. 2.1.4. In single-mode approximation a symmet-

ric tube with straight leads at the ends can be modeled with an effective

one-dimensional square well potential.- Expanding this to lowest order in the

(small) binding energy gives an effective square well for a single L-shaped
bend with depth V ;z: 3 and width w   ir1(3V3_), as can be seen from (2.47)
and (2.51). If a system is formed by connecting a series of N identical cells,
then the effective one-dimensional potential consists of N identical square

wells, each separated by a distance 1. When 1 = 0 the respective square

wells just touch one another. For this geometry, the effective potential for

a system of N cells is therefore a square well with depth V = 3 and width

WN ;::z N7r/(3vi3-).
The lowest energy state for this square well potential will approximate the

lowest energy state in the multibend tube. Since the effective width increases

linearly with the number of bends, in the limit of very large N the lowest

bound state energy will simply move to the bottom of this square well. Thus

one predicts that for either a staircase or snake system with many bends and

I = 0, the lowest bound state energy should approach

Eb 7r2 - 3 0.696W2

or e 0.696 (6.11)

For the ten-bend systems shown in Fig. 6.1, the exact lowest bound state in

the'staircase tube has energyE 0.77, while the lowest bound state energy

for the snake configuration is E 0.75.

It can be seen from Fig. 6.1 that for the ten-bend structure all ten states

are bound whenever 1 > 1.6 (states with 6 < 1 are bound, while states with

,E > 1 have been pushed into the continuum). When 1 = 1, seven of the states
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are bound, while for 1 = 0, only four states are bound, and the remaining
six states are in the continuum. Fig. 6.1 shows clearly that the interaction

between the various states for finite 1 leads to the formation of minibands,
and that the spread in energy between the bound states increases as the

distance 1 between the cells decreases. The periodic effective I-D potential in

the multibend tube gives rise to band structure of the Kronig-Penney type

[1671.
An interesting example of bound state structure occurs in a tube con-

sisting of a series of identical T-stubs, each separated by a distance 1. If the

stubs are sufficiently far apart, the bound state energies will all approach the

energy for a single stub. As the distance between adjacent stubs is decreased

the states will interact, and the transmission coefficients will exhibit mini-

bands. It was shown in Sect. 2.1.4 that each stub can be approximated as

the site of an effective square well potential. Because the bound state wave

functions are highly localized in the vicinity of each stub, Ji and Berggren
[101] considered the states as interacting one-dimensional sites, or "quantum
dots." Each stub was taken as the site of a quantum dot, and the dots were

assumed to interact weakly through a nearest-neighbor potential V.

In this case, for three identical T-stubs connected in series, the bound

states should split into three energies Ej. The wave function for the nth

energy mode will have n - I nodes, hence the probability density will have

n - I zeroes. Labeling the energy levels j in order of increasing energy, the

states with odd (even) values of j have even (odd) reflection symmetry. The

energies and their eigenvectors Cj for the three states are predicted from the

nearest-neighbor weak-coupling model to be

E1,3 EO T-V2V

C1,3 = (1, V2-,1)12
E2 = Eo

C2 :-- (1A-1)1V2- (6.12)

In (6.12), EO is the bound state energy for a single stub. Figure 6.2a plots the

probability density for a single isolated stub. Figs. 6.2 b-d show the electron

densities for the bound states in a system with three T junctions, in order

of increasing energy. The system has channel width and stub width 100 mn,

stub height 220 mn, and 20 nm distance between adjacent stubs (normalized
to unit channel width the corresponding tube parameters are 2a = 1, b = 2.2,
and straight section 1 = 0.2 between adjacent cells).

The exact bound state wave functions clearly possess the structure sug-

gested by the weak "nearest-neighbor" coupling model of (6.12). The odd-

parity n = 2 mode shown in Fig. 6.2c has almost no amplitude in the center

dot, and wave functions of opposite sign (and equal probability density) in

the two outer dots. The even-parity n = 1 and n = 3 modes shown in Figs.
6.2b and ,6.2d have zero and two nodes, respectively, and relatively large

probability density in all three quantum dots.
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Fig. 6.2. Bound state electron probability densities for system of 3 coupled T-stub

cavities. Relative dimensions of system: channel width and stub width 2a = 1; stub

height b = 2.2; length of connecting leads 1 = 0.2. (a) Bound state density for a

single isolated T-stub. (b)-(d) show probability densities of bound states, in order

of increasing energy. The structure of the bound states agrees with a weak-coupling
model of quantum dots interacting with nearest neighbors, (6.12). From [101)
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6.2 Origin of Band Structure in Periodic Systems

In this section we review the transfer matrix results for a 2-D system com-

posed of a series of identical elements, or "cells." Although some of this

material was derived earlier in Sects. 2.1 and 5.4, the qualitative results are

summarized here since they are especially relevant for systems with finite pe-

riodic structure. Transfer matrix analysis is particularly well suited to such

systems. As was discussed in Sect. 2.1.4, the transfer matrix for a tube with

a number of cells connected in series is obtained by multiplying together the

transfer matrix for each individual cell. We will briefly review the qualitative
results for transmission and reflection in finite periodic systems.

Consider a tube containing N identical cells in series. Each cell consists of

a single bend or cavity, connected to the next structure by a straight section

of unit width and length 1. The transfer matrix M for a single cell connects

the wave function on either side of a cell, and has the form

M = U-1V
, (6.13)

where the matrices U and V are given in (2.36). For N identical cells the

transfer matrix across the entire system is given by M(N)
.
The transfer ma-

trices can be expanded in terms of a set of transverse channel basis functions

0,, in the straight section of the tube, as defined in (2.3). In general the trans-

fer matrix includes a sum over an infinite number of transverse channel basis

states. To calculate the transfer matrix this infinite dimensional expansion
is truncated after m basis functions, in which case the auxiliary matrices A

and B, defined in (2.31), are m x m matrices, and the transfer matrix M is

a 2m x 2m matrix 3

A useful approximation involves truncating the basis expansion to in-

clude only those transverse modes which are open for a particular value of

the energy. Modes which are "closed" at a given energy have an imaginary

longitudinal wave number, so the particle wave function in such a mode de-

cays longitudinally along the channel. For reasonable values of the length 1

of the straight section, the contributions from closed transverse modes are

frequently small except at energies close to the opening of a new transverse

mode. As was shown in preceding chapters, the "open-mode" approxima-
tion of neglecting all closed transverse channels is particularly illuminating
for bound states or transmission below the opening of the second transverse

mode, where only the lowest transverse mode needs to be considered. In the

"single-mode approximation" [SMA], the matrix M (and hence M(N)) is a

2 x 2 matrix, and the auxiliary matrices A and B are simply numbers.

3 In general the transfer matrix is defined in terms of four auxiliary matrices, A,
A', B, and B', given in (2.31). All examples studied in this monograph involve

symmetric cavities for which A' = AT and B' = B, so this assumption is made

in all equations presented in this chapter.
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It was shown by Vezzetti and Cahay [77], and also by Wu, Sprung and

Martorell [105], that in single-mode approximation the transmission ampli-
tude t(N) and transmission coefficient T(N) through N identical cells are

related to the corresponding transmission amplitude and transmission coef-

ficient W) and TM through a single cell, respectively, by

I
[M(N)

1

t(N)
III =

sin(O)
[sin(NO)Mll - sin((N - 1)0)]

1

[sin(NO) sin((N - 1)0)
sin(O) W)

L I
I sin(NO) 12 1

T(N) I sin(O) 12 (TM
cos(O) =- Tr(M)/2

B
cos(al) -

A B + a

sin(al) (6.14)
A 2a A

In (6.14), A and B are respectively the (11) matrix elements of the matrices

A and B defined in (2.31), a is the longitudinal momentum a, in the first

transverse mode as defined in (2.3), and 0 is the Bloch phase for transmission

through a single cell.

The relation (6.14), which follows since the matrix M is a unimodular.

2 x 2 matrix, gives an analytic relation between transmission probabilities
for one cell, and N cells in series. The general characteristics of minibands

in a finite periodic system can be easily derived from this relation, and were

summarized by Wu, Sprung and Martorell [30].

 Forbidden Bands:.

- When I cos(O) I > 1, then for large N one has I sin(NO) 12/1 sin(O) 12 >> 1.

In this case there is no allowed path for a particle through one of the

cells. The transmission through a single cell will be exponentially damped;

through N cells the transmission probability becomes progressively smaller,
so that for large N, T(N) --+ 0. This will produce a "forbidden band" in

regions where the absolute value of the cosine of the Bloch phase is greater
than one.

- In addition, the transmission probability through N cells will vanish at

any wave number which has zero transmission probability through a single
cell.

 91'ransparency:.
- There is complete transparency, ie. T(N)

= 1, for any wave number

where TM = L If a single cell has 100% transmission (or reflection) at a

certain wave number, it makes sense that there should be complete trans-

mission (reflection) through N identical cells connected in series.

- In addition, in "allowed" regions where the Bloch angle cos(O) varies

between -1 and +1, the quantity sin(No)/sin(o) vanishes at N-1 points.
]From (6.14), the SMA requires that T(N)

= 1 at each of these points
also. The vanishing of sin(NO) signifies that an integral number of half
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wavelengths can be accommodated in the tube; this is the condition that

standing waves can be set up in the system at this wave number, and this

resonant condition produces a peak in the transmission.

0 Allowed Bands:.

- In allowed regions cos(O) varies between -1 and +1. For large N, the

factor I sin(NO) 12/1 sin(O) 12 is a rapidly oscillating function. It has (N - 1)
zeroes which correspond to maxima in the transmission, T(N)

= 1, as

discussed above, at energies where standing waves can be set up in the

system.
- There are also (N - 2) local minima in T(N)

,
which correspond roughly

to the points I sin(NO) I = 1. Thus the local minima can be approximated

by an "envelope function" of the form

1+
12

1 (6.15)
I sin(O) (T(l)MT!

Relation of T(N) to TM:

- The transmission probability TM for a single cell provides the overall

qualitative shape of the transmission through N cells. This follows since,

at the center of an allowed band, one has the relation sin2(o) = 1, at which

point (6.15) predicts that T(N)
= TM

I
i.e. the envelope function for the

min

transmission minima has the same value as the transmission through a

single cell, at the center of every allowed band.

- Thus, the "single-mode approximation" predicts that the transmission

probability through N identical cells should exhibit the following behav-

ior. The transmission probability for a single cell determines the "overall

shape" of the transmission through N cells. Superimposed on the overall

shape given by the transmission probability TM is a very sharply vary-

ing series of maxima (where T(N) = 1) and minima, in the allowed region

where the Bloch phase I cos(O) I < 1. In the allowed region a rather good

approximation for the local average of the transmission probability is 4

1 1 1

R7 )
1 +

12
1 (6.16)

,ff) 21 sin(O) (TM
It is sometimes incorrectly stated that in the limit of very large N the

average transmission approaches I throughout an allowed region.
- The "allowed" regions of transmission will be separated by "forbid-

den" regions characterized by I cos (0) 1 > 1. In the forbidden regions the

transmission probability T(N) ;z 0. In the limit of an infinite number of

cells, N -+ oo, the number of sharp oscillations in the allowed bands grows

without limit.

4The relation (6.16) is obtained by averaging the rapidly oscillating function

I sin(NO) 12 over one half cycle. The correct approach would be to average the

scattering amplitude first, and then square it. However, Fig. 6.3 shows that (6.16)
gives good agreement with the exact minima for this geometry.
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- From (6.14), the transmission probability T(N) through N cells will be

smaller than the probability TM through a single cell whenever I sin(NO) I >
I sin(O) 1. This is always true for the forbidden regions where I sin(O) I > 1.

However, it is also true for portions of the allowed regions.
- As the number of cells becomes very large, the transmission probability
vs. wave number will possess a regular series of forbidden bands, with zero

transmission, separated by allowed bands, with a series of sharp maxima

oscillating about an envelope of minima for the transmission. In this way

one recovers the alternating series of "bands" [allowed bands] and "gaps"
[forbidden bands] which characterize the classic work of Kronig and Penney

[167] on the origin of band structure in solid state systems.
- For a small number of cells, the rapid oscillations in the allowed re-

gion are visible. As the number of cells becomes very large, the number

of oscillations increases and the spacing between them decreases, so indi-

vidual oscillations cannot be isolated. The transmission in allowed regions
then approaches the more featureless, apparently continuous distribution

characteristic of solid state systems.

The results summarized above are strictly true only in the single-mode
approximation. However, it will be seen that very good agreement is obtained

between the SMA estimates and exact calculations, for particle energies be-

low the opening of the second transverse mode. As the energy approaches
the second transverse mode, the SMA predictions for the transmission prob-
abilities will become progressively less accurate, but one still observes all the

major qualitative features predicted in SMA.

6.3 Transmission and Conductance

in Periodic 2-D Systems

In this section we will review the basic properties of transmission and conduc-

tance in periodic systems containing N identical cells in series. This will be

illustrated for two different geometries. The first example is the "staircase"

tube, where each cell consists of a right-angle bend coupled to a straight
section of length 1. The second example is the "quantum-dot superlattice,"
where each cell consists of a cross coupled to a straight section. Extensive use

will be made of the SMA approximation employed in the preceding section

to obtain I-D estimates of the transmission.

6.3.1 Transmission in a "Staircase" SYstem

Figure 6.3 shows the results of calculation of transmission through a ten-

bend staircase with open ends and a straight section with length 1 = 1. The

transmission probability exhibits all of the features which were predicted
in the preceding Section. The upper curve of Fig. 6.3 shows the cosine of
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Fig. 6.3. T ansmission coefficient through a ten-bend staircase tube (shown in in-

set (a) of Fig. 6.1). Upper curve: cosine of Bloch phase 0 defined in (6.14). Middle

curve: Single-mode approximation to transmission. Solid line: transmission coeffi-

cient T('()) vs. wave number k/7r, from (6.14). Dotted line: predicted envelope of

minima, from (6.15); dashed line: transmission coefficient T(1) for a single right

angle bend. Lower curve: exact result for transmission coefficient T(10) in ten-bend

staircase tube. Rom [80]
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the Bloch phase for a single cell. The middle solid curve plots the single-
mode approximation to the transmission probability T(10) for such a system,
from threshold to the opening of the second transverse mode, k = 27T. The

dotted curve is (6.15), the predicted envelope function for the minima of T(10).

The dashed curve in the middle plot in Fig. 6.3 is the SMA estimate of the

transmission probability TM for a single L-shaped bend. It goes through the

envelope function of the minima for transmission through ten bends, at the

center of each allowed band. The transmission probability T(") has forbidden

bands in the regions where I cos (0) 1 > 1. In each allowed region, where cos(0)
varies between -1 and +1, the transmission has nine transparent points
where T(10) = 1. These occur where I sin(NO) I == 0, or when a standing wave

can be set up in the tube.

Near the continuum threshold k/ir ;z: 1, three sharp peaks are seen in

the transmission probability. When the straight section between bends has

length 1 = 1, there are seven true bound states and three quasi-bound states,

as can be seen from Fig. 6.1. The three peaks in the transmission correspond
to propagation through the quasi-bound states. If the external leads were

sufficiently short, it would also be possible to see sharp sub-threshold peaks
in the conductance below continuum threshold. These sub-threshold peaks
would correspond to particles tunneling through the true bound states in the

system. As was discussed in Sect. 5.4, the ability to see these subthreshold

tunneling peaks depends on the precise geometry of the tube.

The bottom curve in Fig. 6.3 shows the exact transmission probability
for a tube with a ten bend staircase and 1 = 1, in the region below the

second transverse mode
,.
All of the qualitative features predicted in the SMA

- forbidden bands, sharply oscillating transmission in the allowed bands,
the number of transmission peaks in the allowed bands, an "envelope" for

the minima in the transmission, and an overall shape for the transmission

function given by the transmission probability through a single cell - are

seen in the exact transmission- coefficient. For low energies, corresponding
to wave numbers k < 1.87r, the exact transmission probability is in good

quantitative agreement with the SMA prediction. Above this energy, although
the qualitative features of forbidden and allowed bands are still seen, the

detailed structure of the exact transmission probability does not agree with

the SMA prediction.

Figure 6.4 plots the exact calculated conductance for the ten-bend stair-

case tube [30] with separation 1 = 1 between adjacent bends, plotted in units

of the "quantum" for conductance Go = 2e21h. The familiar plateaus in the

conductance are observed to occur with the opening of each new transverse

mode, at k = n7r. Because of the significant reflection present in a system with

sharp bends, the conductance does not increase in jumps of magnitude 2e21h
as each new transverse mode opens. Above the second transverse channel

threshold, the conductance exhibits the following qualitative features. First,
the broad and sharply-defined forbidden zones so prominent in the near-
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2

0

Fig. 6.4. Electron conductance for ten-bend staircase system, shown in inset of Fig.
6.1, with separation 1 = 1 between adjacent bends. Upper curve: cosine of exact

Bloch phase 0 defined in (6.17), shown in those regions where 0 is real. Lower curve:

conductance G, in units Go = 2e21h, vs. wave number k/7r. From [801

threshold conductance become less and less common as the energy increases.

The width of the forbidden zones decreases markedly for energies above

the second transverse channel threshold. In the energy regions between the

thresholds for transverse channels, the conductance exhibits Plateaus which

describe the average behavior of G. Superimposed on these plateaus are a

series of sharp maxima and minima, with occasional sharp increases in con-

ductance, of magnitude approximately Go, or very deep minima (essentially
zeroes) in the conductance.

The qualitative features of the conductance can be understood in terms of

the Bloch phase(s) 0 for the many-channel problem. These are the solutions

of the eigenvalue equation

UO = exp(io)VFO (6.17)

where the matrices appearing in (6.17) are given in (2.30) and (5.34). The

eigenphases 0 appear as conjugate pairs, where each real pair denotes an

allowed channel through which electrons can propagate. The upper curve in

Fig. 6.4 shows the cosines of the Bloch phases for the ten-bend staircase tube,
when 0 is real. We can make the following general statements regarding the

conductance in regions above the second transverse channel threshold.

2 3 4 5

kd/!T
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 Local Peak Conductance:

- It is apparent that the local peak conductance, in units of Go = 2e2 1h,
is essentially equal to the number of allowed channels available to the elec-

trons. When no real channel is available, one has forbidden minibands and

essentially zero conductance. When one channel is allowed, the conduc-

tance is approximately Go. For those energies where two (or three) pairs of

Bloch phases 0 are allowed, the peak conductance increases to about two

(three) times Go.
- Superimposed on this averaged behavior are the very sharp oscillations

discussed previously for low-energy transmission.

 Forbidden Regions:
- Below the second transverse mode (k < 27r), there are very well defined

forbidden regions for transmission. In the region below the third transverse

mode, 27r < k < 3,7r, the miniband structure is still visible in some regions.

However, as the energy increases, the forbidden regions tend to disappear.

This occurs because a forbidden band will exist only if there is no allowed

path in any of the open channels. The existence of an allowed path de-

pends on the longitudinal wave number a,, of (2.3), which is different for

every transverse channel. When the energy is above the second transverse

threshold, the additional number of open transverse modes makes it more

and more likely that at least one allowed electron path will exist.

- Sharp maxima and minima are still seen in the transmission, but the

"forbidden zones" for the electrons become fewer in number and narrower

in energy. Thus, the miniband structure, characterized by broad and well-

defined forbidden zones, will be confined mainly to the region between the

first and second transverse modes for the system.

- The detailed structure of the conductance for the "staircase" and

"snake" configurations is quite similar below the second transverse mode,

as predicted by the single-mode approximation, but differs substantially

above the second transverse mode.

The presence of bound states will lead to conductance below threshold,

which is not shown in Fig. 6.4. From Fig. 6.1, for this geometry one would ex-

pect seven peaks below conductance threshold, and some resonant structure

just above conductance threshold, arising from the bound and quasibound

states, respectively, in the ten-bend tube with 1 = 1. The subthreshold con-

ductance tunneling peaks will be visible only when the external leads are

sufficiently short.

Figure 6.5 shows the conductance for a multibend snake quantum wire,

as calculated by Wang [104]. Here the distance between bends is different in

the horizontal and vertical directions, so the basic "cell" is a double-bend

structure, shown schematically in Fig. 5.26. It consists of squares of side

W = 80 nm, with a vertical straight section of length 40 nm, and horizontal

straight legs of length 35 nm. This basic structure is connected to form two-

cell (four-bend) and three-cell (six-bend) structures. At each end of the wire,
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Fig. 6.5. Electron conductance G vs. electron energy EF in meV, for a "snake"

system with several right angle bends. The unit cell is a. double bend quantum wire

with dimensions given in Fig. 5.24. (a) Conductance for two cells joined in snake

series, as shown in inset. (b) Conductance for three cells in series. From [1041
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an additional straight section of length 35 nm is included. The conductance

for the two-bend quantum wire was shown in Fig. 5.24. Figures 6.5a and

6.5b show the corresponding graphs of conductance vs. electron energy. The

threshold for conductance is El = 0.88 meV, and the second and third trans-

verse modes open up at E2 = 3.51 meV and E3 = 7.89 meV, respectively.
The conductance shows sharp subthreshold peaks due to the bound states

in the multibend system. For the two-bend wire with this geometry, there is

one true bound state and a second quasi-bound state right at the threshold for

conductance. For systems with four or more bends, some very sharp structure

is seen in the conductance just above threshold; this structure arises from

quasi-bound states in the wire. This can be seen for example in Fig. 6.5b.

Comparing Figs. 5.24 and 6.5, a forbidden band is beginning to form in

the region below the second transverse mode. For example, the two-bend

quantum wire has conductance minima just above EF = I meV, and in the

region EF - 2.7 meV. In Fig. 6.5b, these minima have become deeper and

broader for the six-bend wire. If the number of cells was increased, these

minima would broaden to form forbidden bands. The miniband structure,

which arises in systems composed of many identical cells in. series, is already
evident in quantum wires with as few as three cells.

Another interesting feature is the deep, sharp minimum in the second con-

ductance plateau, at energy EF = 5.90 meV (arrow in Fig. 5.24). Pronounced

vortex structure is observed in the velocity distribution at energies very close

to this minimum. This sharp minimum in conductance also persists in the

four-bend and six-bend structures shown in Fig. 6.5 [104]. Both the location

and depth of this conductance minimum persists, no matter how many cells

are joined together. This behavior is just what was predicted from our SMA

approximation of transmission in periodic systems. If at a given energy, a

single cell has 100% reflection, then total reflection will be observed at this

energy when it is joined in series with any number of additional cells, since

after the first cell there is no transmitted flux.

6.3.2 Transmission in the "Quantum Dot Superlattice"

The preceding section has analyzed the qualitative features of transmission

in systems with a series of identical right angle bends. For tubes which have

a series of identical T-stubs or quantum dots, one would predict the same

qualitative features as were found for right angle bends. In quantum het-

erostructures, such a system is called a "quantum dot superlattice." The term

superlattice is used since the system has an underlying lattice structure (i.e.,
the lattice of atoms formed by the semiconductor) with an additional periodic
structure (the series of quantum dots) superimposed on the atomic lattice.

If the external straight leads are sufficiently short, one expects to see sub-

threshold conductance peaks arising from resonant tunneling through the

bound states of the system. Above the continuum threshold, plateaus should

be seen in the average value of the conductance. As more identical cells are
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added in series, forbidden bands should develop where the conductance is es-

sentially zero. In between the forbidden bands, one should see allowed bands

characterized by very sharp maxima in the conductance, at energies where

integer half waves in the longitudinal momentum can be supported in the

wire. These forbidden and allowed minibands should be particularly strong
in the region between conductance threshold and the opening of the second

transverse mode. Haug, Lee and Hong [144, 145] observed significant fluctu-

ations in experimental measurements of a system of identical T junctions.
They suggested that the observed peaks could arise from resonant tunneling
through bound states in this system.

Fig. 6.6. Schematic picture of the "quantum dot superlattice" structure, a series

of identical quantum dots of width 2a and height b connected by straight sections

of length 1 and width d = 1

. In this section we will analyze transmission and conductance in a peri-
odic 2-D system composed of a series of identical quantum dots, connected by

straight sections. The basic geometry is shown in Fig. 6.6. Straight sections

normalized to width d = I and length 1 couple rectangular cavities of width

2a and total height b. The origin of the system is placed at the center of the

first cavity. As was discussed in Sect. 5.3, the symmetry of the system, with

respect to reflection about the longitudinal or x axis, insures that the even

and odd parity transverse modes do not mix. Thus one can independently
calculate scattering properties for the even and odd-parity modes. The aux-

iliary matrices A and B for an individual quantum dot were calculated in

(5.29) and (5.31).
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Fig. 6.7. (a) SMA prediction for the Bloch phase cos(O) for even parity modes in a

quantum dot, vs. wave number k/7r. The relative dimensions of the quantum dot are

2a = 1, b ==F 2, 1 = 0.2. (b) Transmission coefficient for even parity modes through a

series of quantum dots with dimensions as in part (a). Dashed curve: transmission

coefficient T(l) through a single quantum dot; solid curve: transmission T(3) through
three quantum dots in series. (c) Bloch phase for odd parity modes in this quantum

dot.. (d) Transmission through odd parity modes, with same notation as in part (b)
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Ji and Berggren [101] made theoretical calculations of the conductance

for zero temperature electrons through a series of identical quantum dots.

Each cell of the quantum dot system of Ji and Berggren had a cavity of

width 100 nm and height 200 nm, connected by straight sections with width

100 nm and length 20 nm. Normalized to unit channel width, this system
corresponds to cell parameters 2a = 1, b = 2 and 1 = 0.2. The geometry
for these quantum dots is similar (although not identical) to that discussed

for quantum dot bound states in Figs. 5.13 and 6.2. Figure 6.7 shows the

cosine of the Bloch phase 0 and the transmission coefficients predicted in

SMA, as a function of the wave number k/7r. Figure 6.7a shows cos(O) for

the even parity modes. The solid curve in Fig. 6.7b gives the transmission

coefficient T(3) for transmission through three cells, and the dashed curve

shows the transmission through a single cell. Figs. 6.7c and 6.7d show the

corresponding cosine of the Bloch phase and transmission coefficients for the

odd parity modes.

The SMA predictions for transmission through three quantum dots are

qualitatively similar to the results for transmission through a series of right
angle bends. The transmission probability is very small where I cos(O) I >
1, and oscillates in regions where cos(O) varies between -1 and +1. The

transmission through three cells is beginning to develop the forbidden bands

characteristic of propagation through a large series of cells. For the even parity
modes, Fig. 6.7a shows that cos(O) has poles at kl,7r ,: 1.78 and k/7r;:Z: 2.43.

Rom the single-mode approximation expression for the cosine of the Bloch

phase

cos(O) ==

B
Cos (al) -

A B + a

sin(al) (6.18) i 2aA

poles of cos(O) occur at zeroes of A. As will be seen shortly, the zeroes of

A occur because of interference between contributions from various cavity
modes in the quantum dot, as seen in (5.31).

Figure 6.8 shows the calculations of the conductance from Ji and Berggren
[101], for zero temperature electrons through one, two or three quantum dots

in series, as a function of the Fermi energy E. The arrows denote the trans-

verse channel thresholds. The arrow at E = 0.56 meV denotes the opening
of the continuum threshold, corresponding to k/7r = 1, and the arrow at

E = 2.25 meV shows the opening of the second transverse mode, correspond-
ing to k/7r = 2 5. Figure 6.8a shows the conductance for a single quantum dot.

There is a single subthreshold peak, labeled El, corresponding to the single
bound state in this system. The conductance reaches the value Go = 2e'/h
at this energy

6
.
The conductance then rises to a rather broad plateau, with

conductance G   Go.

5
To compare results in Figs. 6.7 and 6.8, use the correspondence k/7r = EITEth,
where Eth = 0.56 meV.

6
Note that the external leads in this system are very short, which allows one to

see the subthreshold conductance peaks.
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Fig. 6.8. Conductance G in units Go = 2e21h for zero temperature electrons as a

function of the Fermi energy E, from [101], for the system of quantum dots shown

schematically in Fig. 6.6. Channel width and stub width are 100 nm, stub height
200 nm, distance between stubs 20 nm (relative dimensions are identical to tho,se
in Fig. 6.7). (a) Conductance for a single quantum dot. (b) Conductance for two

quantum dots in series. (c) Conductance for three quantum dots. Arrows denote

location of conductance threshold (1), and threshold for second transverse mode

(2). Ej (j = 1, 2,3). denote energies where subthreshold resonant tunneling through
bound states occurs
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Above the continuum threshold, the exact conductance is obtained by

adding the even parity and odd parity transmission coefficients from the

single-mode approximation, shown in Fig. 6.7 (for a single quantum dot,
these are the dashed curves in Fig. 6.7b and 6.7d). The zero in the exact

calculation of the conductance occurs at nearly the same energy as predicted
in the SMA calculation. Furthermore, from Fig. 6.7a and 6.7c, the local peak

values of the conductance agree with our prediction that they should equal

n(Go) = n(2e2/h), where n is the number of allowed paths through the

system, as given by the number of pairs of real Bloch phases 0 at that energy.

In Fig. 6.8a the conductance through a single quantum dot goes to zero at

E - 1.8 meV. From Fig. 6.7a, it is clear that the zero in conductance arises

because the Bloch phase cos(O) has a pole at this energy (corresponding to

k/7r - 1.78). Since the transmission is very small when I cos(O) I > 1, the pole

in the Bloch phase produces the zero seen in the conductance at this energy.

The theoretical conductance for a tube with two quantum dots is shown in

Fig. 6.8b. Two sharp subthreshold peaks labeled El and E2 correspond to the

two bound states in this system. The zero in transmission below the second

transverse mode, seen in the case of a single quantum dot, is beginning to

broaden. The resonant structure above the second transverse mode is more

pronounced for two quantum dots, compared with one quantum dot; this

is seen by comparing Figs. 6.8a and 6.8b. This pattern continues with the

addition of a third quantum dot as shown in Fig. 6.8c. There are now three

bound states which appear as sharp spikes below conductance threshold, and

the region of energy below 2 meV is turning into a forbidden miniband. The

structure of the bound states was discussed in Sect. 5.3, and the probability

densities for the three bound states in a series of quantum dots with similar

geometry. was shown in Fig. 6.2.

As was discussed earlier in this chapter, the formation of minibands in

these systems can be understood by analyzing the Bloch phase for a single

quantum dot. Regions which have small transmission probability for a single

cell, because there is no allowed path for the particle at this wave number,

develop into regions where the transmission probability T(N) ;::: 0 for a sys-

tem of N cells in series. As was observed for the case of tubes with right

angle bends, miniband structure emerges even for systems containing a small

number of quantum dots in series. From Fig. 6.8, for example, recognizable

miniband structure is already present for a system with only three quantum

dots.

Figure 6.9 shows the theoretical transmission coefficients through a system

with ten quantum dots. In this figure the geometry is chosen to agree with

that originally calculated by Brum [1411, and also studied by Wu, Sprung

and Marforell [105]. When the width of the external leads is normalized to

one, the relative system dimensions are 2a = 1 = 1 and b = 1.6. Figure

6.9a shows the cosine of the Bloch phase for the even parity modes, and Fig.

6.9b gives the transmission coefficient, for even parity modes, in single-mode
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Fig. 6.9. (a) SMA estimate of Bloch phase cos(O) for even parity modes in a quan-

tum dot superlattice, vs. wave number k/7r. Relative dimensions of quantum dot

are 2a.= 1 = 1, b = 1.6. (b) Transmission coefficient for even parity modes. Dashed

curve: transmission T(') through a single quantum dot; solid curve: transmission

T(10) through ten quantum dots in series. (c) Bloch phase for odd parity modes in

this quantum dot. (d) Transmission through odd parity modes, with same notation

as in part (b)
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approximation. The dashed curve gives the transmission TM through a single

dot, and the solid curve is the transmission V10) through ten quantum dots

in series. Figs. 6.9c and 6.9d show cos(O) and T(') for the odd parity modes,

respectively.
For the even parity modes, the transmission coefficient for a single quan-

tum dot is nearly one over a fairly broad region. T(l) has zeroes at k/ir = 2.14

and kl-7r = 2.72. These occur at values where A = 0. As was discussed pre-

viously, in single-mode approximation poles arise in cos(o) whenever A = 0.

The transmission coefficient T('O) develops two forbidden bands in the region

around the zero in the transmission through a single dot. Between the two

forbidden bands is a narrow region with very sharp structure in the trans-

mission coefficient. This was explained by Wu et al. [105]. From (5.31) it is

clear that an element of the matrix A will have a family of poles at values

K,
2a

for a given mode r. From (5.29), this corresponds to wave numbers

k2
- ( j )2 + (r)2 (6.20)

2
7r 2a b

Equation (6.20) is just the condition for confined modes in a rectangular cell

of dimensions (2a, b). In (6.20) r takes on odd (even) integer values for the

even (odd) parity modes.

If only a single mode contributed to the matrix A in (5.31), a given

matrix element would have a series of poles but no zeroes. The zeroes of the

elements of the matrix A arise because of interference between modes with

higher values of r and those with lower r. For example, for the geometry being

studied in Fig. 6.9 (2a = 1 = 1, b = 1.6), the poles in A corresponding to the

lowest even parity r = 3 modes occur at kl,7r = 2.125 (r = 3, j = 1) and 2.74

(r = 3J = 2), or (k/7)2 = 4.52 and 7.52, respectively. The poles of All are

very close to the poles of cos(O) (i.e., the zeroes of All) seen in Fig. 6.9a.

The zeroes in All arise because of interference between the r = 1 and r = 3

modes. The location of the zeroes of A is very close to the position of the

poles in the higher modes. For the even (odd) parity modes one would have

,r > 3 (r'> 4). The poles in cos(O) can thus be predicted rather accurately

from the location of poles in A given by (6.20).
This is shown in Fig. 6.10, which plots the lowest even parity and odd

parity matrix elements, All and A22, respectively, vs. the quantity k2/,7r2, for

the quantum dot with dimensions identical to those in Fig. 6.9. The matrix

element has a series of poles given by (6.20). For example, the zero of All

(the solid curve in Fig. 6.10) at k/7r 2.71 ((k/ir)2 ;:z  7.36) arises because

of interference between the r = 3 mode which has a pole slightly above this

value, and the lower r = I mode. Similarly, the odd-parity matrix element

A22 (the dashed curve in Fig. 6.10) has a zero at k/7r _- 2.73 ((k/jr)2 ; ,- 7.46)
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Fig. 6. 10. Elements of the matrix A defined in (2.31) for the quantum dot whose

relative dimensions are given in Fig. 6.9. Solid curve: even parity matrix element

Ali; dashed curve: odd parity matrix element A22

which results from interference between the r = 4 mode with a pole slightly
below this value, and the r = 2 mode. As pointed out by Wu et al. [105], a

one-dimensional approximation to this problem would predict a single broad

forbidden band in this region. However, the interference, which arises from

the propagation of the particle inside the cavity in various modes, splits the

forbidden region into two forbidden bands, separated by a narrow region
where the transmission probability varies extremely rapidly. This narrow,

rapidly-varying region of transmission is a true two-dimensional effect arising
from this interference, and cannot be explained in a quasi 1-D picture, where
we would neglect interference between different modes inside the quantum
dot.

Figure 6.11 shows the exact calculations of the theoretical conductance

through a system with ten quantum dots, vs. the electron energy E in MeV,
as calculated by Brum [141]. Figure 6.11a and Fig. 6.11b are the conductance

in the even and odd-parity modes, respectively. Below the third transverse

channel threshold at k = 37r, the exact conductance resembles closely the
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Fig. 6.11. Exact calculation of the theoretical conductance through a quantum-dot

superlattice with ten dots, vs. the electron energy E, in meV. Dimensions of the

structure: channel width = stub width = 50 nm; total height of dot = 80 nm (same
relative dimensions as Fig. 6.9). From [1411

SMA predictions shown in Figs. 6.9b and 6.9d 7. To compare with the SMA

results shown in Fig. 6.9, use the correspondence k/7r = VE--IEth, where

Eth , 2.15 meV. In the exact calculation, the allowed band of states between

two forbidden regions, which occurs at roughly 9.5 - 10.2 meV and 14 - 15

meV, correspond to the sharp bands of states seen in Fig. 6..9b between two

forbidden regions. In Fig. 6.11a a series of sharp sub-threshold conductance

peaks are seen due to quantum tunneling through the bound states in this

system. When the higher transverse channels open up, the averaged conduc-

tance in a given region can be interpreted as showing the number of real

Bloch phases'which exist at that energy.

Figure 6.9c and Fig. 6.11 show an odd-parity bound state at k/7r ;zz 1.52

(E - 5 meV). This is a "bound state in the continuum." It occurs above

continuum threshold for the even parity modes, but is a real bound state

because the even and odd parity modes are not coupled. If one could induce

a transition between even and odd parity modes at this energy, it would

be possible to produce a long-lived "trapped' state. For example, imagine a

cavity with these dimensions, coupled to long external leads. At this energy

7Since the even and odd parity states do not mix, the SMA conditions are valid

here until the opening of the third transverse channel.
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an even parity state can travel freely through the tube. But if a perturbation
were applied which excited the particle to the odd parity bound state, such a

state would be trapped inside the cavity. In a realistic cavity this state could

escape only by coupling between the odd and even parity modes, resulting
either from small asymmetries in the geometry or small admixtures of the

"wrong" parity state. Such a state can exist only if the symmetry of the

system is broken. These highly localized resonances are similar to effects

produced by "defects" in an otherwise symmetric system. Defect states will

be discussed in the next section, and in our discussion of photonic crystal
modes in Chap. 7.

The formation of allowed and forbidden energy bands makes it possible
to fabricate quantum heterostructure systems which will mimic the action of

many common circuit devices, on a much smaller length scale. For example,
Datta [147] and also Datta and McLennan [168] discuss several nanostruc-

tures which are the quantum analogs of conventional optical or microwave

devices. The proceedings of the Symposium on Nanostructure Physics and

Fabrication [4] contains a number of talks from a session on quantum devices

and transistors.

6.4 Defects in Quantum Wire "Crystals"

Earlier in this chapter it was shown that a 2-D system composed of a finite

series of identical cells produces quasi-crystalline behavior. Since each cell

serves as the site of an attractive potential, the net effect of this series of

potentials produces a series of forbidden bands in the transmission, separated
by allowed "minibands" of rapidly oscillating transmission peaks. In this

section, we consider the qualitative effects which occur when one or more

cells in this series are modified. Such a modification breaks the symmetry of

the system, and has the equivalent effect as the introduction of a "defece'
into a crystal. Our discussion of these effects will be extremely brief. We will

discuss only two effects, and will restrict our discussion to I-D effects in a

very simple geometry.
To demonstrate the qualitative effects of a defect in a quantum wire sys-

tem with finite periodic structure, we consider transmission through a se-

quence of N 1-D T-stubs. Each cell is a T-stub of height L coupled to a

straight section of length 1, in the limit where the channel width is negligible
with respect to L. This picture was previously introduced in Sect. 5.3.1 for

a single T-stub. In this periodic system, the 2 x 2 transfer matrix M for an

individual cell was shown by Xia [831 and Deo and Jayannavar [85, 86] to be

the product of two 2 x 2 matrices, one for the stub and the second for the

straight section,

1 + - ' cot(kL) cot(U) e-ikl 0
M(L) = ( -"' cot(kL) 1 - " cot(kL) 0 e+ikl (6.21)
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where in (6.21) k is the longitudinal wave number. The cells are numbered

sequentially from left to right. The length of the jth stub in this series ( the

"defect cell") is changed, Lj = Ld :A L. The resulting transfer matrix for the

quantum crystal containing a total of N cells, with a defect cell at location

j, is

M(N) = M(L)(j-') M(Ld) M(L)(N-j) (6.22)
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Fig. 6.12. 'Ransmission coefficient through a lattice with nine 1-D T-stubs of

length L = I coupled by straight sections 1 = 1, vs. the wave number kL/7r. Dashed

curve: all T-stubs identical. Solid curve: center "defect" T-stub has Ld = 2

The resulting transmission matrix differs from that for the "perfect crys-

tal," the completely symmetric periodic structure where all the cells are iden-

tical. Figure 6.12 plots the transmission coefficients vs. U/ir, for a quantum

wire with a total of nine cells with the defect T-stub in the center. This was

originally calculated by Deo and Jayannavar [86]. The cells have L = 1 == 1

and the defect stub has Ld = 2. The dashed curve is the result when all nine

cells are identical; the solid curve is the result with one defect stub in the

center.

The defect has a dramatic effect on the transmission coefficient. The gen-

eral periodic structure seen in perfect lattices - allowed regions separated

by forbidden gaps - is still preserved in this geometry. However, the pres-
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ence of the defect stub produces two significant qualitative changes in the

transmission.

 Complete Reflection at Specific Wave Numbers: The presence of

the defect produces additional zeroes in the transmission. For this particu-
lar geometry, the zero appears in the center of the "allowed" region. From

(6.22) we can see that the overall transmission will have a zero at any en-

ergy where either the single cell transfer matrix for the basic cell M, or the

defect cell Md, has a transmission zero. At such an energy, there will be

complete reflection from the cell in question and hence zero transmission

through the entire crystal. Transmission zeroes from the defect cell which

occur in "forbidden" regions will make very little qualitative difference in

the transmission. However, it is possible thatadding a defect will produce
additional zeroes in the allowed regions of the transmission. Furthermore,
for a I-D system the location of these new transmission zeroes will be in-

dependent of the location of the defect in the crystal. Since by judicious
choice of the defect stub length, one can produce a transmission zero' at any

desired energy inside an allowed band (see the discussion in Sect. 5.3.1),
by introducing a defect one could insure that certain predetermined wave

numbers inside an allowed band would experience total reflection.

 Resonances in Forbidden Zones: In addition, the defect produces ad-

ditional sharp peaks, or transparent points, in the forbidden region of the

perfect crystal. For this geometry, these transparent points lie just outside

the allowed region for the perfect crystal (they are the solid peaks just
outside the allowed region defined by the dashed lines). Thus, by break-

ing the symmetry of the periodic structure it is possible to produce wave

numbers with complete reflection in "allowed" regions, and isolated points
with relatively large transmission in "forbidden" regions.

The detailed transmission properties are highly dependent on the precise

geometries of the system, and both the length and location of the defect

stub. For the case shown in Fig. 6.12, since the stub lengths and separations
are all rational fractions, the transmission in this model is periodic. For the

dimensions shown here, the period of the argument kL/7r is one. Furthermore,
the defect length LdIL = 2 was chosen so that the zero in transmission from

the defect stub was located right in the middle of the allowed region. Deo and

Jayannavar [86] examined transmission for several different stub geometries,
and Gu [87] examined the effect of varying the lengths of several of the stubs

in a lattice of I-D cells.

6.4.1 Trapped Modes in Band Gaps

In the preceding section, it was shown that the presence of a single "defect,"
produced by modifying the properties of a single cell in a lattice of otherwise

identical cells in series, could produce states which lie in the "forbidden" or

"band gap" region of the perfect crystal. In this case, the defect cell contains
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a resonance which lies in the forbidden region of the crystal. This produces a

sharp peak inside the cell in question at the resonant energy. However, since

at this energy there is no allowed mode for propagation through the crystal,
the magnitude of the resonant wave function will decrease exponentially as

it passes through the other cells of the system.
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Fig. 6.13. Transmission coefficient vs. wave number kL/-7r through a lattice of

seven I-D T-stubs coupled by straight sections with length 1 = 1. All stubs have

length L = 1, except for the center "defect" T-stub which has Ld = 0.75

Figure 6.13 plots the transmission coefficient vs. U/ir, for a system with

N = 7 one-dimensional T-stubs connected by straight sections of length 1,

as was discussed in the preceding section. The cells have L = 1 = 1, except

for the center defect stub which has Ld = 0.75. The sharp peaks labeled

A and B in Fig. 6.13 (originally calculated in [86]) show the transmission

peaks which denote resonant states trapped in the defect stub. Such states

represent a type of "bound state in the continuum." As the number of T-

stubs in the lattice increases, the transmission peaks become extremely sharp
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because of the exponential decrease of the wave function in the "normal"

cells. When there are a large number of T-stubs, the transmission peaks
for these states become exceptionally narrow. They would never be seen in

experiments with detectors of moderate resolution. Furthermore, these sharp

peaks occur only for electron temperature T = 0. For finite temperatures, the

smearing of these peaks would essentially make them disapper. Nevertheless,
these trapped resonant modes inside the defect stubs, which occur at energies
within "forbidden bands" in the crystal, produce sharp spikes in the density
of states of the system at energies corresponding to the resonant modes. This

is true even in systems with a large number of cells, where the transmission

peaks corresponding to these states can no longer be seen [86].
In Fig., 6.13, since all dimensional ratios are rational fractions, the trans-

mission coefficient in this 1-D model is periodic in the variable kLI,7r with

period four. The perfect crystal has transmission zeroes at kL/7r = n for

integer n, while the defect stub produces zeroes at U/ir = 4n/3. The trans-

mission peak at A occurs at a value of k approximately midway between the

n = I zero for the perfect crystal and the n = I zero from the defect stub.

Modes localized in the vicinity of a defect in a semiconductor superlattice
have been observed in an ingenious experiment by Capasso et al. [169]. The

authors produced a series of alternating planar layers of AlInAs and GaInAs,

by molecular beam epitaxy. A transmission electron micrograph of a cleaved

cross-section of the structure is shown schematically in Fig. 6.14a. The su-

perlattice was composed of alternating narrow layers of GaInAs and AlInAs.

The basic structure consisted of a 16 A thick layer of GaInAs followed by a

39 A layer of AlInAs (the gray and black layers, respectively, in Fig. 6.14a).
In the center of this structure was a single "wide" 32 A layer of GaInAs, with

six pairs of GaInAs-AlInAs layers on either side.

The alternating bands of AlInAs and GaInAs layers would produce a one-

dimensional lattice, quite similar to the Fabry-Perot interferometer which

is produced from a series of regularly spaced layers of materials with two

different dielectric constants [170]. The additional wide GaInAs layer in the

center of the device plays the role of a "defect" state, since it breaks the

symmetry of the system. The perfect lattice would produce a series of allowed

and forbidden energy bands. As we have outlined, introduction of a defect

will produce forbidden lines for certain energies in the allowed energy bands,
and can also produce trapped resonant modes localized in the defect cells.

The energies corresponding to these trapped modes lie within the forbidden

bands of the perfect quasi-crystal.
The resulting energy levels are shown in Fig. 6.14. The structure possessed

an electron ground state at El = 204 meV. There was then an energy gap

before the first conduction miniband of allowed states, at conduction band

 ,.
This was followed by a gap of width 266 meV, and then a secondedge E,

conduction miniband. Inside this energy gap is a state at E2 = 560 meV. This

is an allowed state in the 32 A GaInAs "defect" layer. However, since it lies
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a)

b)
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AEc
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Fig. 6.14. (a) Transmission electron micrograph of GaInAs-AlInAs heterostruc-

ture. A superlattice is formed from alternating planes of 16 A thick layers of GaInAs

(gray) separated by 39 A thick layers of AlInAs (black). In the center of the struc-

ture is a single 32 A wide layer of GaInAs. (b) Schematic picture of energy levels of

GaInAs-AlInAs structure. The system has a ground state at energy El = 204 meV,
and conduction bands with bandheads E, and Ec,. The state at energy E2 = 560

meV is localized in the central "defect" GaInAs layer. Its wave function decays
exponentially in the rest of the superlattice "crystal." From 11691

in a forbidden region in the GaInAs-AlInAs superlattice, the wave function

for this state is large in the vicinity of the central GaInAs layer, but decays

exponentially in the surrounding AlInAs-GaInAs layers.
The state at energy E2 represents a trapped mode localized in the vicinity

of the defect Jn the otherwise perfectly periodic "quasicrystal." Capasso et

al. observed the state by optically exciting electrons from the bound state at

energy El. The resulting absorption spectrum had a sharp peak centered at

energy 360 meV, in excellent agreement with the calculated value E2 - E, =

356 meV. The energy and width of the observed resonance could be adjusted

by changing the layer widths and the number of layers in the superlattice

=1
EC2_X E,,M

E2
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[171, 172]. The shape of the absorption peak was also in qualitative agreement
with theoretical expectations.

The quantum heterostructure produced by Capasso and collaborators

[169] closely resembles optical systems. In fact, the dimensions of the narrow

semiconductor layers were tailored so that they would act like "mirrors" on

the electron wave function. The resulting reflections produce a constructive

interference which will support a localized state at the appropriate energy.

A very similar optical device was produced by Yablonovitch et al. [173, 174].
They constructed a "lattice" from machined plastic, and introduced defect

states in the lattice. The resulting defect states were studied by microwave

diffraction.

The states produced by defects in periodic systems have many potential

applications in quantum heterostructures. Our brief discussion in this section

is simply meant to illustrate the type of effects which can occur for defects

in otherwise periodic two-dimensional systems. The phenomena discussed

here are analogous to effects arising in optical systems, and particularly in

photonic crystals, which are discussed in the following chapter.



7. Localized Modes in Photonic Crystals

In Previous chapters we have focused our attention on the properties of bound

states and transmission in open two-dimensional geometries, and have dis-

cussed these properties in the context of electron propagation in quantum

wires, and the transmission of microwaves in waveguides. Localized modes

can also arise in optical systems. For example, in Sect. 6.4.1 we showed that

trapped modes localized at a "defect" in a layered quantum heterostructure

were analogous to states observed in Fabry-Perot interferometers. It has been

demonstrated [162, 175] that electromagnetic radiation at optical frequencies
can be trapped inside open structures in dielectric materials known as pho-
tonic crystals. In this chapter we will review the properties of such states, with

particular attention to the conditions under which trapped modes can be pro-

duced in photonic crystals. We will contrast these properties with comparable
features which are found in quantum wires and conventional waveguides. In

some cases the states found in photonic crystals will have analogs in wires

and waveguides, whereas in other situations one can produce states which

are apparently unique to optical systems.
A photonic crystal is a lattice of macroscopic dielectric materials which

is designed to control the propagation of light. A crucial* feature of photonic
crystals is the ability to produce gaps in the dispersion relation between the

frequency w(k) and wave number k, for in-medium light propagation. These

gaps in frequency, called photonic band gaps, arise from the structure and

dielectric properties of the macroscopic crystal. Frequencies inside a band

gap will be. completely reflected, while frequencies in allowed regions can be

transmitted through the material.

The basic effect has long been used in dielectric mirrors and optical fil-

ters, which are made from alternating layers of low-loss dielectric materials

that will not permit the propagation of normally-incident light at specific

frequencies. In photonic crystals, one extends this idea to two or three di-

mensions so as to forbid light propagation in any direction for a certain range

of frequencies. Such a complete band gap occurs for electron propagation in

semiconductors, between the valence and conduction bands. These materials

have many potential applications in optical devices because of the control

they offer over light propagation. A review of earlier theory and experiment
in this field can be found in the proceedings of a NATO Advanced Research

ute
J. T. Londergan, J. P. Carini and D. P. Murdock: LNPm 60, pp. 181 - 195, 1999© Springer-Verlag Berlin Heidelberg 1999
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Workshop, edited by Soukoulis [176]. Ho, Chan and Soukoulis [177] showed

the existence of a baDd g-ap fora reri, rli,P !-tt lce 17)f dielectric spheres. A very

clear introduction to the subject of photonic crystals and their properties is

provided in the recent book by Joannopoulos, Meade and Winn [25].
A two-dimensional photonic crystal can be constructed from a lattice of

parallel dielectric rods. A material commonly used is GaAs, with a dielectric

constant 6 = 13; the rods are separated by air, which has 6 = 1. Alternatively,

one could use alumina rods, which have e = 8.9. A schematic picture of a 2-D

photonic crystal, composed of a square lattice of long cylindrical dielectric

rods, is shown in Fig. 7.1a. Here one defines the direction of the (very long)
rods as the z-direction; the resulting material is periodic in the x - y plane.

A 2-D photonic crystal could also be produced by cutting an array of air

columns into a sample of dielectric material. Figure 7.1b shows a scanning

electron microscope image of a triangular array of air columns cut into a block

of GaAs, from Wendt et al. [178]. In all systems discussed in this chapter,
the high-dielectric material is chosen to have the same dielectric constant as

GaAs.

7.1 Maxwell's Equations in a Dielectric Medium

We will briefly summarize Maxwell's equations for electromagnetic waves in

mixed dielectric media. A more complete treatment can be found in the book

by Joannopoulos et al. [251. In our theoretical treatment of photonic crystals

we will restrict our attention to isotropic macroscopic systems with fields

small enough that the displacement field D can be written as a linear function

of the electric field. Then to a very good approximation the displacement field

can be written

D(r) = e(r) E(r) (7.1)

In (7.1), the displacement field can be related to the electric field E(r) by a

scalar dielectric constant. In general, the dielectric constant 6(r) is a func-

tion of the frequency. However, we will use the value of the dielectric constant

which is appropriate to the desired frequency range for a given physical sys-

tem. Furthermore, we will restrict our attention to low-loss dielectrics, so that

the dielectric constant is assumed to be real.

For materials of interest for photonic crystals, the magnetic permeability

is nearly unity, so that one can set B = H. When these assumptions are made,

the macroscopic Maxwell equations for fields with harmonic time dependence

of angular frequency w give the following relations for the divergences of

electric and magnetic fields,

V H(r) = 0

V D(r) = 0 (7.2)'
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a)

Fig. 7.1. Examples of two-dimensional photonic crystals. (a) A square lattice of

long cylinders, with radius r, lattice constant a and dielectric constant 6, in air.

The z direction is defined by the orientation of the cylinders; the system is periodic
in the x - y plane. The inset shows the square lattice viewed from above. From [251.
(b) Scanning electron microscope image of a triangular array of air columns in a

GaAs (e = 13) substrate. The columns have radius r = 122.5 nm, lattice constant

a = 295 mn, column height 600 mn. From [178]
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The relation (7.2) expresses the fact that the charge and current densities

in the medium are zero. The resulting electric and magnetic fields which

satisfy (7.2) are thus required to be transverse to the direction k of wave

propagation.
The remaining Maxwell equations can be used to eliminate the electric

field and obtain a "master equation" for the H field:

17 X

1
17 x H(r) H(r)(,-(r) ) = (WC )

or (9 H(r) = (W)2 H(r)
C

where (9 =_VX
-

VX (7.3)
E(r)

In (7.3) the quantity (9 is a differential operator which acts on the magnetic
field H(r). The relation (7.3), together with the transversality condition (7.2),
can be used to determine completely the magnetic field.

Once H(r) is found, the E field can be found from Maxwell's equations

E(r) =
ic

V x H(r) (7.4)(wE(r) )
It is advantageous to work with the H field since the differential operator 19

in (7.3) can be shown to be Hermitian. The role of this operator in photonic
crystal studies is similar to that of the Hamiltonian in quantum mechanics,
and (7.3) is the analog of the time-independent Schr6dinger equation.

The electromagnetic variational theorem plays an important role in under-

standing the physical origin of the photonic band gap. One can show that the

lowest-frequency mode is the field H(r) which minimizes the electromagnetic

energy functional:

Ef [H] -
(H, (9 H)

(2 H, H)

f dr 1
1   D (r) 12

e (r) c

(7.5)
2 f dr JH(r) 12

Once one has found the eigenmode Ho corresponding to the lowest frequency,
the next lowest eigenmode will minimize the energy functional Ef in the

subspace orthogonal to 110. In this way one can define a systematic procedure
to locate the eigenmodes of the Hamiltonian for a photonic crystal. Rom (7.5)
it is clear that the energy functional will be minimized when the displacement
field D is concentrated in regions of high dielectric constant, subject to the

restriction that a given mode be orthogonal to modes with lower frequencies.

7.1.1 -Band Structure in a Photonic Crystal

Systems can be constructed where the different dielectric materials possess

I-D, 2-D or even 3-D symmetry. Because of the discrete translational sym-
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metries of the system, the magnetic field modes can be written in Bloch

form,

Hk(r) = e
ik.r

Uk (r) (7.6)

where Uk(r) = Uk(r + R) for all the lattice vectors R of the system. Then

for all k in the Brillouin zone one can solve for the frequency w of the mode

Hk- In this way, the photonic band structure of the dielectric crystal can be

determined.

The spatial periodicity of the system implies that Bloch states with dif-

ferent wave numbers and frequencies are identical. For example, for a system

which is periodic in the x direction with lattice constant a, Bloch states with

wave vector k,, + 21rm/a are identical to those with wave vector kx, for any

integer m. The mode frequencies are also identical under this translation of

wave vector, i.e.

w(k , + 21rm/a) = w(kx) (7.7)

As a consequence, one needs only to consider those values of the wave num-

ber which are not redundant. For our example, we need consider only wave

numbers in the range

-7r/a < kx :5 7r/a (7.8)

The region which includes the non-redundant values of the wave number is

called the Brillouin zone. The smallest region within the Brillouin zone for

which the frequencies are not related by the symmetries of the system is

called the irreducible Brillouin zone.

For numerical work, it is useful to convert (7.3) to a system of linear

equations using plane-wave expansions for Hk(r) and [s(r)1-1. Both of these

functions have the same spatial periodicity as the lattice. We can write an

expansion for the magnetic field,

Hk(r) = 1: hG.\6,\e'(k+G).r (7.9)
GA

where G are the reciprocal lattice vectors [25, 58] for the crystal structure

and A indexes the polarization vectors 6,\. The vanishing divergence of H

(7.2) requires that

6,\.(k+G)=O (7.10)

For any G we can also expand the reciprocal of the dielectric constant,

1
i(G-G).rE 6-'(G, G')e (7.11)

GI

Inserting (7.9) and (7.11) into (7.3), one obtains the matrix eigenvalue

equation

ek (W)2(G A), (G A), h(G A)
=

c
h(G A) (7.12)

(G A)'
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where the matrix 19 depends on the wave vector k and is given by

ek
'

(G,\),(G,\)'
= [(k + G) x 6,\] - [(k + G') X 6A11,-_1(G, G') (7.13)

See [179] for a thorough discussion of numerical methods" for solving (7.12).
The I-D photonic crystal is just a multilayer film composed of alternating

layers of materials with two different dielectric constants. A detailed discus-

sion of mode patterns for such systems is given in Joannopoulos, Meade and

Winn [25]. We will concentrate exclusively on band structure in 2-D photonic
crystals. For systems with a symmetry plane, we can define the direction nor-

mal to the symmetry plane as the z-axis. Transverse-electric (TE) modes are

defined as those which have H normal to the x - y plane, i.e.

H = H(x, y)2

and E-2=0
. (7.14)

Transverse-magnetic (TM) modes are analogously defined by

E = E(x,y)2
and H-9,=O

. (7.15)

An important feature of a photonic crystal is the band structure for the

modes in the crystal. Consider propagation of EM waves in the symmetry

plane of the crystal. We plot the mode frequencies for wave numbers in the

irreducible Brillouin zone. For a given polarization state (TE or TM), a

complete band gap exists if there is a region of mode frequencies which cannot

be obtained for any wave vector in the irreducible Brillouin zone. It is possible
to construct photonic crystals which have complete photonic band gaps for

either TM or TE mode propagation within the symmetry plane. In fact, it

is even possible to design a system which has a complete photonic band gap

for both polarization states.

Fig. 5.34 shows the band structure for a 2-D photonic crystal which pos-

sesses a complete band gap for both polarization states (this is the fifth color

plate). The crystal is a triangular array of air columns drilled in a dielectric

material with - = 13, and the ratio of the column radius to the lattice con-

stant is r/a = 0.48 (this is similar to the array shown in Fig. 7.1b) 1. The

spatial lattice and irreducible Brillouin zone are shown in the inset. TE and

TM modes are denoted by red and blue lines, respectively.
Rom Fig. 5.34 it is clear that for this crystal, there is a range of frequencies

for which no mode of any wave number k will propagate in the symmetry

plane for either polarization. This is shown as the yellow band in Fig. 5.34.

Photonic crystals are systems which possess perfect scaling behavior. Therefore,
all system dimensions can be expressed in terms of a single system parameter. By
varying that quantity, any parameter in the system can be "tuned" to a desirable

or feasible value. In this chapter all dimensions are defined in terms of the lattice

constant a.
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If EM waves with frequencies within the band gap are introduced into the

crystal, such a mode would decay exponentially as it passed through the

system. A photonic crystal with such a band gap could be used as a frequency
filter, since this crystal would transmit frequencies outside the band gap, but

would not transmit EM waves with frequencies within the band gap.

One can understand how band gaps arise by recalling a heuristic argument
for the occurrence of band gaps for electron motion in a periodic attractive

one-dimensional potential. At the edges of the irreducible Brillouin zone,

there are wave numbers for which the associated electron density has the

same spatial frequency as the effective potential of the crystal. There are two

permitted electron states at such a value of k, one for which the density is in

step with the potential and whose energy is lowered, and one for which the

density is out of step and for which the energy is raised. This discontinuity
in energy constitutes the electron band gap.

In the same way, at wave numbers where the field energy has the same

spatial periodicity as the regions of high dielectric constant, the degeneracy of

modes where the field intensity is localized on or between the high-6 regions
is lifted. This gives rise to a difference in frequencies w for these modes. From

the second equation in (7.5) it is clear that the energy will be minimized for a

state whose displacement field D is concentrated in regions of high dielectric

constant.

7.2 "Waveguides" in Photonic Crystals

If one removes a single rod from an otherwise perfect 2-D lattice, or changes
its properties relative to the rest of the lattice, the symmetry of the system is

broken. Alternatively, one could break the symmetry of a 2-D photonic crystal

by removing several rods. In this section we will concentrate on symmetry

breaking which involves removing either one or a few rods in a 2-D photonic

crystal, or by removing one or more rows of rods. The effects of breaking the

symmetry in a 2-D photonic crystal are analogous to the effects which arose

from the introduction of defects in periodic tubes, which was discussed in

Sect. 6.4. As a general rule, the breaking of the crystal symmetry will have

two effects.

Forbidden M-equencies in "Allowed" Regions: Certain frequencies
which were allowed in the perfect crystal may be forbidden in the broken-

symmetry case.

Resonant States in "Forbidden" Regions: The defect may introduce

additional resonant states into the system. When these states occur at

frequencies within a photonic band gap, it will be possible to support modes

which are localized in the vicinity of the "defect." In the symmetry plane
of a two-dimensional photonic crystal, such states must necessarily decay

exponentially in the bulk of the crystal. They are analogous to modes in a

cavity surrounded by reflecting walls.
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We are interested in examining the properties of two-dimensional chan-

nels, or "waveguides", which can be produced in a 2-D photonic crystal. We
will compare and contrast the properties of bound states and guided modes

which can be produced in photonic crystals, with those we have studied

previously in conventional waveguides and quantum wires. By changing the

parameters of a photonic crystal system, we can produce a great variety of

different effects. In this brief review we will concentrate on some of the more

interesting and unusual effects which can be produced in optical systems with

mixed dielectric media.

For example, a straight "waveguide" in a 2-D photonic crystal can be

formed by removing adjacent rows of dielectric rods (or filling in rows of air

columns) in a crystal which otherwise has perfect 2-D symmetry. Before the

rods are removed and the symmetry of the crystal is broken, it is not possible
for light with frequencies within the photonic band gap to propagate in the

symmetry plane. Within the waveguide, however, light of frequencies which

were previously blocked (i.e., within the photonic band gap) may now be

able to propagate. At these frequencies, light could travel freely down the

waveguide channel, but would be confined within the channel, decreasing
exponentially as it moved into the crystal.

Figure 5.35 shows the bands of states which can propagate through a

crystal composed of long cylindrical dielectric rods with radius r/a = 0.18,

arranged in a square lattice, surrounded by air (this is the sixth color plate). A

single row of rods has been removed from the crystal in the (10) direction; this

is shown in the inset to Fig. 5.35. The blue shaded regions represent modes

of light which can propagate through the bulk of the crystal. At intermediate

frequencies there is a band gap, and within this gap a single curve represents
the modes for which light can propagate along the axis of the waveguide. If

more adjacent rows had been removed, there would be more bands inside the

band gap where transmission could occur along the waveguide.
The existence of these guided modes, which travel freely along the wave-

guide axis but decay exponentially as light moves into the crystal, can have

very interesting properties and potential commercial applications. An exam-

ple of this is shown in Fig. 5.36b (this is the seventh color plate), which shows

the displacement field for a TM mode traveling around a 90 degree bend in

a photonic crystal waveguide 2, from Mekis et al. [162]. In this case the fre-

quency chosen is wa/27re = 0.353, which is seen from Fig. 5.35 to be roughly
in the center of the photonic band gap. At this frequency, the light cannot

escape into the crystal, and hence has no choice but to follow the waveguide.
A fascinating feature of photonic crystals is the very high transmission

probability in the right angle waveguide. Because of the sharp bend, EM

waves in a conventional waveguide would be very strongly reflected. Similarly,

Note that for a conventional waveguide, where the modes are labeled relative to

the direction of propagation of the wave, this would be labeled a "TE mode," in

the notation of Jackson [129].
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conventional dielectric waveguides with such a sharp bend would experience

large radiation losses at the corners. Figure 5.36a shows the computed trans-

mission coefficients for the photonic crystal waveguide. The transmission is

found to be between 95-100% over a wide range of. frequencies within the

photonic band gap, even though the radius of curvature of the bend is of the

order of the wavelength of the transmitted light.
Such properties of photonic crystals suggests that they may have impor-

tant applications as guides for monochromatic light. Mekis et al. [162] were

able to explain the high transmission rate by modeling the sharp bend as a

series of coupled waveguide sections oriented in different directions, and they
calculated the transmission probability by matching modes at the interfaces

of the waveguide sections.

Our discussion in this book will focus on localized modes which are created

when rods are removed from the interior of a crystal lattice. However, another

possibility is that a row of rods could be altered at the surface of a large

crystal - e.g., the last row of rods could be removed, or a surface could be

terminated by cutting in half the last row of cylindrical columns. For some

geometries it may be possible to support localized modes in photonic band

gaps; and under certain special conditions surface states may be produced

[25]. Such modes decay exponentially both into the bulk of the crystal, and

in the air surrounding the crystal, and are large only right at the crystal
surface. These surface states were discussed briefly in Sects. 6.1 and 6.4.

7.3 "Bound States" in Photonic Crystal Waveguides

In Chap. 4 we showed how "bound states" could be produced in conventional

waveguides. These were stable confined EM modes where the fields were lo-

calized in a finite section of the system. The fields could not propagate into

the rest of the system, as they decay exponentially as they travel through
the waveguide. In waveguides, it was shown that a local deformation (e.g., a

bulge or bend) produced an effective attractive interaction, and thus lowered

the energy of the system in the vicinity of the deformation. Stable states

could then be supported with frequencies below the cutoff frequency for the

waveguide. The fields were large in the vicinity of the deformation, and de-

cayed exponentially as one traveled along the waveguide axis. While a bulge
lowered the local energy, a constriction raised the energy, so that stable con-

fined modes could not be supported in the vicinity of a constriction in an

otherwise straight rectangular waveguide.
Similar bound states or confined EM modes will be found for "photonic

crystal waveguides," formed by removing rows of rods in 2-D photonic crys-

tals. A unique feature of photonic band gap [PBG] waveguides is that, unlike

conventional waveguides, they can possess mode gaps. Because of the exis-

tence of mode gaps, it will be possible to produce localized modes in PBG

systems which have no analog in conventional waveguides. In particular, it
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will be possible to produce bound states in PBG systems which are local-

ized in parts of the waveguide, but which appear in the continuum, i.e. the

confined mode frequencies lie above the frequencies for guided Modes in the

semi-infinite waveguide channels.

For example, one type of waveguide which can be created. in a photonic
crystal arises from coupling a channel of finite length between two semi-

infinite channels, where the width of the finite channel differs from the width

of the long channels. In this case one can produce a photonic crystal waveg-
uide containing either a localized bulge, or a constriction. Because of the

presence of mode gaps in PBG systems, it is theoretically possible to create a

PBG waveguide in which the guided modes for the finite section lie between

modes for the long sections, and where both of these modes lie within the

band gap for the extended crystal. In this way one could produce confined

modes which lie above the cutoff frequency for guided modes in the semi-

infinite channels. Resonant states could be produced where the fields were

large in the finite sections of the PBG waveguide, but which decay exponen-

tially both along the semi-infinite section of the waveguide, and also into the

bulk of the crystal.
,

The corresponding situation in quantum wires was discussed in Sect. 6.4.

There we showed that the introduction of defects into otherwise perfect peri-
odic 1-D superlattices could produce confined modes above continuum thresh-

old. This occurred at energies where resonances were associated with the de-

fect cells, but where the resonant energies fell within forbidden bands in the

quantum wire "crystal."

7.3.1 Bound States in Local Constrictions

Mekis et al. [175] demonstrate how this can occur in a two-dimensional pho-
tonic crystal made of a square array of dielectric rods in air (the geometry is

similar to that shown in Fig. 7.1a). In their simplest example, they consider

channels.made by removing a single infinite row of dielectric rods. They com-

pare the dispersion relation for this "thin" guide with that of a "wide" guide
produced by removing several parallel rows. In a conventional waveguide,
confined modes can be produced by sandwiching a wide guide of finite length
between two semi-infinite narrow guides, thus producing a local "bulge" in

the waveguide. Confined states arising from bulges in 2-D tubes were dis-

cussed in Chap. 2. These states can also be produced in PBG materials,
provided that the states produced lie inside a band gap.

However, in PBG materials it is also possible that the short waveguide
section can have a guided mode which lies inside a band gap between the

guided modes in the semi-infinite sections. Mekis et al. found a geometry
which would produce such a state. They formed a waveguide by coupling
two semi-infinite channels, so-called "wide" channels, formed by removing
four rows of rods in the (11) direction, with a finite length "thin" channel in

which only a single row of rods was removed in the same direction. This is
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Fig. 7.2. Dispersion relations for TM modes in photonic crystal waveguide shown

in Fig. 7.3. The radius of the rods is r/a = 0.12. Black line: guided modes for the

wider guide, formed by removing four rows of rods in the (11) direction, from a

square array of GaAs dielectric rods in air. Gray line: guided modes for the narrow

guide, formed by removing one row of rods in the (11) direction. Filled circles:

modes with even reflection symmetry; open circles correspond to odd modes. The

gray shaded areas show the projected band structure of the extended crystal. Rom

[175]

Fig. 7.3. The electric field for the bound state in a photonic crystal waveguide.
Four rows of rods were removed in the (11) direction, from a square array of GaAs

dielectric rods in air, with dimensions given in Fig. 7.2. A narrow constriction of

length 3V2-a was formed inside the wider guide, by removing one row of rods in

the (11) direction. The bound state for this configuration appears at (wa)1(2,7rc)
0.411. The small white circles denote the dielectric rods. From [175]
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Wavevector (k42a/2n)
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shown schematically in Fig. 7.3, where the white circles denote the location

of the dielectric rods. In this system, the rods were chosen to have radius

,r = 0.12a.

Figure 7.2 shows the dispersion relations for TM modes in the two cou-

pled guides. The gray shaded areas are the projected band structure for the

perfect crystal. The black lines show the guided modes for the wider guide,
which has four bands of guided modes. The filled circles correspond to modes

with even reffection symmetry, and the open circles denote modes of odd

reflection symmetry. The wider guide possesses a mode gap for frequencies
0.390 < (wa)/(21rc) < 0.417. The thin guide possesses a single guided mode

band. For this geometry, the thin channel guided mode band (the gray line

in Fig. 7.2) fits entirely within the mode gap of the bands for the wide guide.
This indicates that if a finite thin guide section has long "wide" guides as

leads (with this geometry), one can produce a mode which is localized in the

thin section and which cannot propagate either in the wide guides, or in the

extended crystal. In this way it is possible to trap light in a section of an

open photonic waveguide.
For example, if one chooses a configuration of rods such that a thin section

(removing one row of rods in the (11) direction) of length 3V ,2_a is set between

two semi-infinite wide sections (formed by removing four rows of rods), one

finds a bound state at frequency (wa)/(27rc) = 0.411. The geometry of this

device and the electric field for the standing wave are shown in Fig. 7.3. The

electric field is clearly concentrated in the "thin" guide.
Mekis et al. [1751 also examined a different geometry, where a waveguide

was formed with a U-shaped structure. In this case the semi-infinite wide

channel joins the finite thin section at right angles. When the wide and narrow

channels were chosen to have the same dimensions (width and length) as is

shown in Fig. 7.3, a bound state was found for the "U-bend" tube at the

same frequency as for the straight case.

It would be impossible to produce these states in conventional hard-wall

waveguides. In such systems, as was discussed in Chap. 2, a constriction tends

to raise the energy while a bulge lowers the energy. Thus in a conventional

waveguide, modes in the constriction would necessarily lie higher in energy

than the continuum of modes in the bulge, and localized modes could not oc-

cur in a waveguide formed by coupling a finite-length narrow channel between

two semi-infinite wide channels 3
.
The crucial difference in PBG waveguides

is the presence of mode gaps, which allows for the possibility that modes in

the short section might lie in the mode gaps for the semi-infinite channels.

3 It would be possible to produce localized modes in the narrow channel, provided
that it had sufficiently large curvature, as shown in (2.25) in Sect. 2.1.3. How-

ever, for a straight narrow channel localized modes could not be produced in a

conventional waveguide.
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7.3.2 Bound States

in Curved Photonic Band Gap Waveguides

o) 0.375 2nc/ a a)= 0.375 21cc/ a

a) 0.394 21rc/ a (o = 0.393 27cc/ a

I

-MAX 0 MAX

Fig. 7.4. Left panels: electric fields and frequencies for the two bound states inside

a "90' bend" PBG waveguide, formed by removing a single row of rods in the (11)
and (I - 1) directions from a square array of GaAs rods in air. Right panels: electric

fields and frequencies for the corresponding cavity modes in the same photonic
crystal. Rom [175]

In the examples given in the preceding section, the bound states arise from

trapping which occurs when the width of a waveguide channel is changed.
Bound states in photonic crystal structures can also occur if two semi-infinite

channels of the same width meet at an angle. In fact, such systems can

have multiple bound states. Mekis et al. [175) also studied the properties of

these confined states. In one example, an analog to the 90' bend waveguide
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discussed in Sect. 2.1.5 is constructed by joining two semi-infinite channels

formed by removing a single row of rods along the (11) and (I - 1) directions.

The original crystal is formed from a square array of GaAs rods in air, with

,r = 0.18a. The geometry for this bent waveguide is shown in the left panels
of Fig. 7.4 [175], along with the electric field strengths for the two bound

states.

The confined modes in the PBG waveguide are quite different from the

conventional or quantum wire 90" waveguides. The PBG waveguide has two

bound states, and for neither one is the electromagnetic energy density local-

ized in the corner. This can be contrasted with the 90' quantum wire bound

state shown in Fig. 2.3b. It has a single confined mode, and the wave func-

tion for this mode has a maximum in the center of the bend, and no nodes.

Instead, the modes in the PBG waveguide have their energy localized at the

vacancy sites a distance v/-2a away from the corner. There is a state with

odd reflection symmetry (with respect to the center of the waveguide) with

frequency (wa)/(27rc) = 0.375, and an even symmetry state with frequency
(wa)1(21rc) = 0.394. The bound states and the corresponding frequencies are

also extremely similar to the cavity modes produced when the semi-infinite

channels are closed off. The right panels of Fig. 7.4 show the corresponding
cavity modes and their frequencies.

The authors give the following explanations for these phenomena. First,
the state localized in the corner of the 90' bend (the analog of a cavity formed

by removing a single rod from the crystal) has frequency (wa)1(2-7rc) = 0.385.

For this geometry, the frequency of this state falls within the guided range of

the semi-infinite channel. Consequently the state at this frequency appears

as a resonance and not a bound state. The bound states correspond to two

cavity modes, where each cavity is formed by removing a single rod, and the

cavities are separated by two lattice constants. This is evident from the right
panels in Fig. 7.4. The finite coupling between the two cavities splits the

initially degenerate modes into two levels, one with odd reflection symmetry
and one with even symmetry. The frequencies of these two states lie below

and above the frequency for a single cavity. The resulting frequencies fall just
below and just above the guided mode range for the semi-infinite channel,
hence these appear as "bound states" in the bent waveguide.

In conventional waveguides, both the EM fields and the frequencies cor-

responding to cavity modes will in general differ greatly from the confined

modes which are localized in waveguide bends. When the semi-infinite chan-

nels are closed off, the resulting cavity fields must terminate abruptly on the

cavity surface. Thus the boundary conditions on EM fields for open waveg-

uides and cavities differ greatly. In PBG waveguides, however, the modes in

the waveguides decay exponentially into the semi-infinite waveguide channels;
this boundary condition is essentially the same as for the cavity (where the

modes decay exponentially into the extended crystal). The similarity of the

two boundary conditions explains why the two states bear such a close resem.-
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blance in PBG waveguides. Mekis et al. also studied properties of confined

modes in different geometries.
We hope that this brief discussion is sufficient to illustrate the novel fea-

tures which can be produced in "waveguide" channels created in photonic

crystals. One can vary the system geometry to create a range of phenomena
which could have important contributions to the control of light propagation
in optical systems. Since (within a certain range of frequencies) the systems

obey perfect scaling, the system dimensions could be varied to produce de-

vices which preferentially transmit or reflect certain desired frequencies. In

addition, one can produce highly localized states of known frequencies at

specific sites inside a photonic crystal. We refer the reader to the literature

[25, 162, 175] for more complete discussions of the properties of confined

modes in PBG structures.



8. Epilogue

In this book we have presented a survey of binding and transmission in con-

strained two-dimensional systems. Our intent was to convey the range of

different phenomena which appear in very simple geometries. In many cases

we were able to construct accurate analytic approximations of simple 2-D

systems. These constrained 2-D systems exhibit a fascinating array of struc-

ture, including localized states both below and above continuum threshold,

trapped modes, and quasi-bound states. The transfer-matrix approach pro-

vides a framework which allows one to extract the dominant physical pro-

cesses, particularly for tubes with periodic structure. Plots of the probabil-

ity current can provide an intuitive understanding of the mechanisms for

transmission. In these simple models one can differentiate between quasi I-D

phenomena, and true 2-D effects.

For reasons of space and economy, we have placed very strong restric-

tions on the physical conditions in the 2-D structures studied here. One can

readily imagine a host of more complicated and perhaps more realistic mod-

els, e.g. tubes with multiple leads, effects of strong external magnetic fields,

inclusion of inter-particle interactions in quantum heterostructures, effects

of spin, approaches to chaos in 2-D systems, etc. One could also examine

more complicated geometries (multiply-connected tubes, rings, side bands).
A large number of such systems are currently being explored in both theory

and experiment.
We hope that we have succeeded in conveying both the simplicity and

power of these simple models, and that we have shown how these 2-D systems

are relevant to understanding and comparing the physics of conventional

waveguides, quantum wires, and photonic crystals.

ute
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A. Comparison of Various Approximate

Quantum Wells

In this book we have analyzed the properties of particles or fields in con-

strained two-dimensional geometries. The objects in question (e.g., electrons

in quantum heterostructures or EM fields in rectangular waveguides) are

assumed to move essentially in two dimensions. Their motion is further con-

strained by an effective interaction which confines them to a finite area. For

the effective confining force, we have taken a square well of infinite depth,
i.e. infinite hard wall boundary conditions.

For EM fields in a rectangular waveguide, the infinite hard wall poten-
tial is a reasonably realistic interaction - the electric fields vanish sufficiently
rapidly on the metal waveguide surfaces that this approximation gives good
agreement with measured fields in waveguides. For electrons in quantum het-

erostructures, the infinite hard wall approximation is less well founded. Fig.
3.8 shows the calculated effective potential for a split-gate GaAs/AlGaAs
structure, as calculated by Laux, Frank and Stern [112]. As was mentioned in

Sect. 3.3, a series of approximations are necessary to derive the effective one-

body potential. In their book on quantum heterostructures, Mitin, Kochelap
and Stroscio [3] give a detailed review of electron properties in doped quan-

tum heterostructures. We recommend this book to readers interested in a

more rigorous discussion of these systems.

Insofar as it makes sense to treat the problem of electrons in quantum
wires as constrained 2-D motion with a one-body effective interaction, the ef-

fective potential should realistically have a finite depth and a diffuse surface.

What are the qualitative differences one would expect between the infinite

hard-wall effective potentials we have used, and other effective quantum wells

for transverse confinement of electrons? We will consider the effects on three

different quantities: the transverse energy spectrum, the confined wave func-

tions in the transverse direction, and the effects of different potentials on

transmission through a quantum waveguide. The book by Davies [11] on the

physics of low-dimensional systems contains a useful comparison of various

quantum wells and the properties of their eigenfunctions and energies. We

will summarize here the discussion in Davies' book.

ute
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A.1 Effects of a Diffuse Surface

A realistic description of the transverse confining interaction for electrons

in quantum heterostructures would be a finite quantum well with a diffuse

surface. In this section, we will consider the effect of replacing the hard wall

interaction with an alternative potential which has infinite depth, but a dif-

fuse surface. Such a diffuse interaction could be simulated by either of two

soluble one-dimensional confining potentials - a parabolic potential, or a

triangular (linearly rising) interaction. In Table A.1 we compare these inter-

actions with the infinite square well. We consider the eigenenergy spectra for

these systems, the functional form of the bound state wave functions of the

Schr6dinger equation, and the asymptotic behavior of the eigenfunctions at

large distances.

Table A.I. Comparison of Soluble Infinite Quantum Wells

Type of Potential Eigenenergies Eigenfunctions;I Large-x Behavior

Infinite Hard Wall En n2El Sine functions:

0 = 0

Parabolic En nE, Hermite Polynomials:

__4 Xn-1 2 2)0 exp(-x /xo

Triangular En --- (n - 1/4)2/3 El Airy Functions:

X- 1/4
exp (XIXO)312)

The nature of confinement (hard wall vs. parabolic or triangular) changes
the energy spectrum of the transverse modes. The energies for the infinite

hard wall potential go like n2, so the energy difference between successive

states increases with increasing n. The parabolic potential produces equally-

spaced eigenstates, while for the triangular well the states become more

closely spaced at large n (in Table A. 1 the energy behavior for the triangular
case is correct in the limit of very large n). The calculated binding energies
for systems with sharp corners will generally be greater than in quantum

wires, both because the hard wall potential is deeper than a corresponding

parabolic or triangular potential, and because the assumption of sharp cor-

ners puts,more space in the idealized wires. It is possible to compensate for

this effect. For example, Wu et al. [180] found an energy scaling which corre-

lates levels with hard wall and parabolic confining potentials for wires with

circular bends.

There are also qualitative differences between the transverse mode wave

functions with these three confining interactions. Fbr the infinite hard wall
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potential, the wave function is forced to vanish on and outside the boundary.
The eigenfunctions for the parabolic potential go to zero like a Gaussian times

a power law, while the wave functions with the triangular potential are Airy
functions. For the Airy functions, all of the bound state wave functions go to

zero asymptotically like exp(-2(x/xo)3/2 /3) IX114.

A.2 Potentials of Finite Depth

A realistic effective interaction for electrons in quantum heterostructures

would not only have a diffuse surface, but it would also have a finite depth.
We can estimate the effects of finite well depth on bound state energies and

wave functions by comparing the infinite square well interaction with a fi-

nite square well, since we can also obtain analytic solutions for bound state

energies and wave functions with the finite square well.

Consider a one-dimensional square well of depth Vo and width a, centered

at x = 0. Because the interaction is symmetric with respect to reflection about

the center of the well, the lowest bound state wave function will have even

reflection symmetry in x. Higher energy bound states will have alternating
odd and even reflection symmetry. Matching the logarithmic derivative of the

bound state wave functions at the edge of the square well gives the condition

for bound states,
2
0tan(O) 002

(A.1)
L
002cot (0) 02F

In Eq. (A. 1), the upper (lower) equation is satisfied by the states with even

(odd) reflection symmetry, and the quantities 0 and 00 are given by

ka

2

02
m*Voa2

0 2h2
(A.2)

The bound state energies are given by the wave numbers k for which A.1 is

satisfied. These can be determined straightforwardly by graphical methods.

The number of bound states Nbd is given by

Nbd = Int [200 + I (A.3)
7r

where the number of bound states in (A-3) is given by the largest integer
contained in the term on the right hand side. From (A.3), it is clear that

there will always be at least one bound state for any attractive square well,
a statement proved in Sect. 2.1.

Outside the well, the bound state wave function for the finite well has the

form
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Iv)(X)l (x exp(-njxj)

where r,
2
=

2m*Vo
- k2 (A.4)

n2

The bound state wave function thus decreases exponentially outside the well,
and as the bound state energy gets larger (i.e., the value of k increases), the

wave function decreases more and more slowly outside the confining well.

A.3 Effect of Sharp Boundaries on Transmission

Another qualitative difference between 2-D surfaces with sharp potentials and

those with diffuse surfaces is that tubes with hard walls and sharp corners

will generally produce greater reflection than tubes with diffuse transverse

potentials and/or rounded corners. The hard wall condition requires that the

wave function go abruptly to zero at the tube boundary, so that the first

derivative of the wave function is discontinuous. For the case of a diffuse po-

tential (or one with a finite depth), the wave function decreases exponentially
but continuously in the classically forbidden region.

One qualitative effect of the sharp potentials is on the transmission co-

efficients for electrons in quantum wires. Wu et al. [180] have calculated

transmission coefficients for a circular bend wire where the transverse confin-

ing potential is parabolic. In order to make meaningful comparisons between

wires with differing transverse potentials, instead of using the energy E, they
used the WK13 approximation to define an effective transverse quantum num-

ber v(E):
+Yt_2Tn* 1

v(E)
h2

V/iE - V(Y) LY + - (A.5)f
Yt

ir 2

where yt are the classical turning points of the potential V(y) for energy E

[78]. (Note, the term does not appear for hard wall confinement.) In fact,

for both harmonic and hard wall potentials, (A.5) gives the exact answers for

the successive thresholds.

Wu et al. found that the basic features of transmission for the circular

bend for hard wall and harmonic confining potentials were similar when plot-
ted against the parameter v(E). We also note that Lent [137] included the

case of a square well channel with finite potentials walls in his calculation of

transmission through a circular bend; he chose a height of 48Ej, where El is

the energy of the lowest transverse mode, and the channel width was chosen

to match the thresholds. The effect of finite walls is to reduce reflection and

mode mixing. In Fig. 5.25 we compared conductance through a tube with

two bends. One tube had sharp right-angle bends, while the second tube had

two circular bends each with a total bend angle of 90'. The tube with sharp

bends had much lower transmission than the circular-bend tube. Again, the

reflection was significantly reduced for a tube with gentle bends.



B. Conducting Sphere on a Grounded Surface

In Sect. 4.2 an expression (4.12) was derived for the resonant frequency shift

in a waveguide, when a small metal sphere of radius r was placed onto the

lower conducting surface of a waveguide with electric field E0. In deriving
that expression the induced electric dipole moment was assumed to be given

by

p = Eor
3

(B.1)

The fact that the conducting sphere is in contact with the lower conducting
surface makes (B.1) a poor approximation for the induced dipole moment.

In this Appendix, the method of images is used to derive a better model for

the induced dipole. Using this model, the dipole moment acquires an extra

multiplicative factor co = 2((3) ;zz 2.404, so that using the induced dipole
given by p = coEor3, a more accurate expression for the cavity frequency
shift measurements is given by the relation

,::Afo (X, Y)
=

_r3

[co I E (x, Y)12 _ C2IVE(x, Y) 12 (B.2)
A 2UTOt  W_2 I I

where we use the notation of Chap. 4, in which E is the root-mean-square

magnitude of the electric field inside the cavity; ((n) is the Riemann Zeta

Function of argument n (see Chap. 23 of [132]).
The electrostatics problem solved here is to find the induced dipole mo-

ment of a conducting sphere resting on an infinite conducting plane. The

potential is constrained to be zero on both the conducting plane (defined
to be the z = 0 plane) and on the surface of the sphere. The electric field

around the sphere approaches E = Eo at distances large compared with r,

the radius of the sphere. This is an interesting example of an image charge
problem which is soluble in closed form, even though it requires an infinite

number of image charges. We have not been able to find the solution to this

problem in the extensive literature devoted to electrostatic boundary value

problems.
This problem can be solved using the method of images, by constructing

image charges both inside the conducting sphere and on the underside of the

conducting plane. To form a uniform E field in a way amenable to the image

charge method, define the origin of the coordinate system to be the point
where the conducting sphere touches the plane. Place a charge -Q at z = R

ute
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and a charge +Q at z = -R. This gives a field

E =

2Q,
(B.3)jT2

'0

at the origin, and ensures that the plane z = 0 remains at potential  P = 0.

The field will approach a uniform value all around the sphere by taking the

limits

Q - C)O, R --> oo, with LQ
= Eo (BA)

R2

This configuration is shown schematically in Fig. B.1.

An _n

Fig. B.I. Charges T-Q are placed at the points z = R, directly above and below

a conducting sphere in contact with a conducting plane at z = 0 held at zero

potential. In the limits defined by (B.4), these charges produce a uniform E field
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In the- method of images (see Sect. (2.2) of [129]), to form an image charge
for a. zero-potential conducting plane, an opposite charge is placed at the same

distance on the opposite side of the plane. Here, one has a charge q which is

located at a distance s from the center of a conducting sphere of radius r.

The spherical conducting surface can be held at zero potential by placing a

charge of magnitude q' at a distance s' from the center of the sphere, where

q
rq

and S, _
r2

(B.5)
S S

The charges +Q and -Q thus produce two image charges inside the con-

ducting sphere. The values of the image charges and their z coordinates are

straightforwardly found from (B.5) to be

(1) r rR
q, rQ Zi

R-r

(1) r

Q
rR

q2
R+r

Z 
R+r

(B.6)

where the superscript (1) in (B.6) indicates a first iteration for placing image

charges inside the sphere. To maintain the condition of zero potential on the

plane z = 0, additional image charges must be placed below the plane, with

charges and coordinates given by

-M (1) __M (1)
q, -ql Z, = -Z,

(1) Zi 1) (1)and q_(1) -q2 2
= _Z (B.7)2

These charges can be interpreted as part of the dipole induced on an image
of the conducting sphere located just below the plane, as shown in Fig. B.2.

However, the new charges below (above) the plane destroy the condition that

the surface of the upper (lower) sphere be held at zero potential. To remedy
this we must construct new image charges inside the upper (lower) sphere.

(2) (2) (2)The new charges will have magnitudes q, and q2 ,
and positions z, and

(2)
z , respectively. The necessary charges and locations are found in the same

way as for the first set of image charges. This new pair of image charges will

- 2) (2)then require the placement of a corresponding set of charges q, = -ql
-42) (2)and q2 = -q2 placed symmetrically below the plane, to again satisfy the

boundary condition on the plane.

Proceeding in this way, it is eventually necessary to place an infinite set

of image charges inside the upper and lower spheres. It is straightforward to

show that the n
th

set of image charges have magnitudes and z coordinates

given by

(n) r (n) rR

q, nR-rQ z' -nR-r

(n) -r

Q
(n) rR

2
nR+r

2
nR+r
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(1)
q Fig. B.2. Image charges q, , q2(), 41(') and ~(1) of (B.6) and (B.7). The two charges

inside each sphere are the image charges needed to produce zero potential on the

sphere, with the external charges Q of Fig. B.1. This is the first iteration of an

infinite series of image charges, for a conducting sphere in contact with an infinite

plane, with both the sphere and plane held at zero potential

-N (n) -(n) (n)
q, = -ql Zi -Zi

-(n) (n)
q = -q

(n) (n)
(B.8)2 2 Z2 Z2

Though only the region with z > 0 is meaningful here, we have found the

solution to the problem of two conducting spheres (one just above and one

just below the plane z = 0) placed in an initially uniform E field having the

value E = EOk everywhere. In this problem the two spheres together have a

net charge of zero so it is meaningful to calculate their dipole moment:

00

(n) (n) (n) (n) - n)- n) n),;- 
q z + q + q, z, + q

 n) I
PZ

n=1

1 1 2 Z2 2 2 f

3 110

8Qr
1:

n

(B.9)
R2

n=1
(n2 - r2/R2)2

The dipole moment is obtained by taking the limits (B.4) which produce the

uniform E field. Upon taking these limits in (B.9), one obtains the induced

dipole moment
00

p , --* 4Eor3 E
n

= 4EOr3((3) (B.10)
n=1
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where ((3) in (13.10) is the Riemann Zeta Function of argument 3. The change
in the field energy for the single-sphere-and-plane problem is therefore

2 3
AU,j = -EO'r ((3) . (B.11)

Comparing this result with the lowest-order estimate for the change in electric

field energy

, AU(O) 2 3

el 2EO' r (B. 12)

shows that a correction factor of

co = 2((3)   2.40411 (B.13)

should be applied to the induced electric dipole of the metal sphere and

subsequently to the first term of (4.12), giving (B.2) for the fractional shift

in the resonant frequency zAfolfo.
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Index

acoustic resonance 67 - photonic waveguides 188,194
allowed region 29,147,157 Brillouin zone 185

- for periodic system 156 bulges in tubes 11-15

auxiliary matrices 25

auxiliary wave function 24,31, 111 cavity perturbation method 73

circular bend

band structure 145,154-157 - large bend angle - 88-91

- allowed band 156 - small curvature 84-86

- forbidden band 155 - square well approximation 84,90
- in photonic crystals 184-187 - transmission in 91-95

bends in tubes complete band gap 186

- two coupled bends 113-136 conductance 58-63, 65

Bessel function 83 effect of sharp corners 129, 159

binding energy 32,85,97 in double-bend wire 126-136

Bloch phase 28,128,147,148,155, in L-shaped tube 69

160,166,168 in multi-bend tube 159

- allowed and forbidden regions 147 - in quantum dot 112

Bloch states 185 - in series of quantum dots 166,171
Bohm formulation 48 - in straight, channel 64-66

bound states 7 - quantized, behavior 62,63,67,128,
- existence proofs 13,15,17,33 132,159
- from bulges 11-15 - subthreshold peaks 23,110,128,
- from curvature 15-18 130,135-136,149,159,161,163,166,
- in circular bend 86-91 172

- in continuum 172,176 - temperature dependence 62,63,66,
- in deformed tubes 18-23 68,132
- in double bends 114-123,128 conducting sphere
- in forbidden regions 149 - frequency shift 74, 77, 100, 121, 203
- in L-shaped tube 20, 32, 43 - on grounded surface 203-207

- in periodic systems 146-152 continuum threshold 9, 28, 38, 43, 93,
- in photonic crystals 189-195 128,159,168
- in quantum dot 103,108 cross geometry see quantum dot

- in series of stubs 152 current conservation method 31

- in sharply-bent tube 98 curved tubes

- in staircase and snake 149-152 - three-dimensional 33-35

- in stubs 103-104 - two-dimensional 15-18

- nodes in 32,148,152
- three-dimensional tubes 33-35 defects 173-179

boundary condition 38 - and transmission minima 175

- continuity 25 - and transparency 175

- Dirichlet 7 - and trapped modes 175-179

- hard wall 7,8,83 density of states 177
'
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dielectric constant 182 laminar flow 51,136
dimensions Landauer formula 59-62,126,149
- and scaling laws 11 lasing 23

donor 54 longitudinal resonance 67

double bends 113-136

- bound states 114-123,128 mapping EM energy density 73-75,
- transmission 123-136 77,100,121-123
- with circular bends 129,136 master equation 184

- matrix form 185

effective mass 11 Maxwell equations 72

effective potential 13, 16, 21, 33, 82 - for mixed dielectric media 182-184

effective square well 30 mean free path 58

- for circular bend 84, 90 method of images 203-206

- for double bend 119 miniband 146,151,152,155,161
- for L-shaped tube 32 multiple-bend tube

- for multibend wire 151 - bound states 149-152,159
electric current 59 - transmission 157-163

electric dipole moment 206

electron conductance see conductance nodes 32,148

energy functional - and vortices 48

- electromagnetic 184

energy gap 8 open mode approximation 27,30,154

envelope function 156,159 orthonormal solutions 24

Fabry Perot interferometer 177 parallel transport frame 34

Fano resonance 95 periodic systems

Fermi distribution 66 - band structure 154-157

Fermi energy 59 - bound states 146-152

Fermi momentum 64 - transmission 157-173

Fermi wavelength 58 phase coherence length 58

forbidden region 29,147,157,159, photonic band gap 181,187

164,166 - and guided modes 188

- and bound states 149 - complete 186

- for periodic system 155 photonic crystals 181

- resonance within 175-179 - band structure 184-187

R-enet frame 33 - bound states 189-195

- waveguides in 187-189

GaAs plateau see conductance, quantized
- in photonic crystals 182 behavior

GaAs/AlGaAs systems 54-57 probability current density 47-54,136
- confining potentials in 56 - in quantum dot 112

gate voltage 56, 62, 105, 135 probability density
- in quantum dot 108,112

Helmholtz equation 11, 72 - in series of stubs 152

impurity site 135 quantum confinement 22

induced dipole 206 quantum dot 108,152
- and rectangular cell 170

Kronig-Penney model 152,157 - bound state 103,108
- superlattice 163

L-shaped tube 31-33 quantum heterostructure 7, 54-58,
- bound state 20,32,43 173

- probability currents in 50 - experimental studies 132,164,
- transmission in 40 177-179
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quantum point contact 56,67 - crystal lattice 185

quantum potential 48 - under reflection 25, 31, 83, 87, 115,

quantum transistor 105 130,448,194

quantum vortex 49

quantum waveguide 8 T-stub see stubs

quantum wire 56 Tamm state 149

quasi-bound state 42,44-47,94,117, TE mode 186

128,130,147,149,159,163 TM mode 143,186

quasicrystal 178 torsion 33, 35

transfer matrix 123

reflection amplitude 28, 38, 123
- bound state condition 29,146

reflection coefficient 38
- definition 26

- for circular bend .91
- for double bend 115

reflection probability 39
- for multiple bends 150

reflection symmetry 39
- for quantum dot 110-111

resonating cavity 72
- for series of identical cells 154

- formalism 23-31

S-matrix 40 44
- symmetric cell 25

,

- poles of 43 44
- technical difficulties 27

,

- unitarity 40
transmission

series of identical cells 29 145
- maxima 52,125,156

,

- defects in 173-179
- minima 51,124,136,155,156,159,

- right angle bends 149-152,157-163
163,168

__ from defect 175
- stubs 152

- perfect 124,155
- two cells 113-136

transmission amplitude 28,38,43,123
series of stubs

- Argand. diagram for 45,93
- bound states 152

- behavior near threshold 43
- transmission 163-173

- pole 94
sharply-bent tube 95-102

transmission coefficient 38,104
single-mode approximation 27,30,

- for circular bend 91-95
146-148

- periodic system with defect 176
- for circular bend 92

photonic crystal waveguide 189
- for double bend 115,123-126 series of'quantum dots 166,168
- for L-shaped tube 32,41 transmission matrix 62
- for periodic systems 154-157 transmission probability 39,42,92,
- for quantum dot 111

108,124,156,159
- series of quantum dots 166

transparency see transmission,
spiral tube 18 perfect
squarewell potential 30,32,84,119, transverse eigenfunction 11, 37, 83,

151 154
stream lines 49,136 tube 2,7
stubs 102-113

- width, rescaled 11
- bound states 103-104 tunneling 63,110,128,130,159,163
- periodicity in transmission 105

- through impurity site 135
- transmission in 104-113 two-dimensional electron gas 55,58,
subthreshold peak see conductance, 132

subthreshold peaks
superlattice 163 unitarity of S-matrix 40

surface state 149

surface states variational proof 13, 17, 33
- in photonic crystals 189 variational theorem

symmetry - electromagnetic 184

- broken 187 velocity node 49
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vortex 48-54, 136 -- bent 193-195
- in quantum dot 112-113 -- U-shaped 192

-- with constrictions 190-192

waveguides - microwave measurements in 75-80,
- confined modes in 72,76-78 99-102,121-123
- EM energy density 73 - transmission 78-80
- in photonic crystals 187-189 wire 2
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